COHERENT ANALOGUES OF MATRIX FACTORIZATIONS 
AND RELATIVE SINGULARITY CATEGORIES 



LEONID POSITSELSKI 

Abstract. We define the triangulated category of relative singularities of a closed 
sub-scheme in a scheme. When the closed subscheme is a Cartier divisor, we con- 
sider matrix factorizations of the related section of a line bundle, and their analogues 
with locally free sheaves replaced by coherent ones. The appropriate exotic derived 
category of coherent matrix factorizations is then identified with the triangulated 
category of relative singularities, while the similar exotic derived category of locally 
free matrix factorizations is its full subcategory. The latter category is identified 
with the kernel of the direct image functor corresponding to the closed embed- 
ding of the zero locus and acting between the conventional (absolute) triangulated 
categories of singularities. Similar results are obtained for matrix factorizations 
of infinite rank; and two different "large" versions of the triangulated category of 
singularities, due to Orlov and Krause, are identified in the case of a divisor in a 
smooth scheme. Contravariant (coherent) and covariant (quasi- coherent) versions 
of the Serre-Grothendieck duality theorems for matrix factorizations are estab- 
lished, and pull-backs and push-forwards of matrix factorizations are discussed at 
length. A number of general results about derived categories of the second kind for 
CDG-modules over quasi- coherent CDG-algebras are proven on the way. 
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Introduction 

A matrix factorization of an element w in a commutative ring R is a pair of square 
matrices (<E>, of the same size, with entries from R, such that both the products $\& 
and \I/<I> are equal to w times the identity matrix. In the coordinate-free language, 
a matrix factorization is a pair of finitely generated free i?-modules M° and M 1 
together with i?-module homomorphisms M° — > M 1 and M 1 — > M° such that 
both the compositions M° — > M 1 — > M° and M 1 — > M° — > M 1 are equal to 
the multiplication with w. Matrix factorizations were introduced by Eisenbud [14] 
and used by Buchweitz [4] for the purposes of the study of maximal Cohen-Macaulay 
modules over hyper surf ace local rings. 

Another name for this notion is "D-branes in the Landau-Ginzburg B model" (as 
suggested by Kontsevich) [18]; in this context, the element w is called the superpo- 
tential. One generalizes the above definition, replacing free modules with projective 
modules [18, 27], with locally free sheaves [29], and finally with coherent sheaves [20]. 
The importance of the latter generalization is emphasized in the present paper. 

Being particular cases of curved DG-modules over a curved DG-ring [18, 35], matrix 
factorizations form a DG-category. So one can consider the corresponding category of 
closed degree-zero morphisms up to chain homotopy, which is a triangulated category. 
Generally speaking, however, the homotopy category is "too big" for most purposes, 
and one would like to pass from it to an appropriately defined derived category. 
One can use the homotopy category in lieu of the derived one when dealing with 
projective modules [18, 27]; for locally free matrix factorizations over a nonafnnc 
scheme, there is an option of working with the quotient category of the homotopy 
category by the locally contractible objects [31, Definition 3.13]. When dealing with 
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coherent (analogues of) matrix factorizations, having some kind of a derived category 
construction is apparently unavoidable. 

The relevant concept of a derived category is that of the derived category of the 
second kind, as developed in [35, 34]. There are several versions of this notion; the 
appropriate one for quasi- coherent sheaves is called the coderived category and for 
coherent sheaves it is the absolute derived category. The absolute derived category 
of locally free matrix factorizations was studied in [29]; for coherent matrix factor- 
izations over a smooth variety, it was considered in [20]. These two absolute derived 
categories are equivalent for regular schemes, but may be different otherwise. 

The triangulated category of singularities of a Noetherian scheme was defined by 
D. Orlov in [27] as the quotient category of the bounded derived category of coherent 
sheaves by its full triangulated subcategory of perfect complexes, i. e., the objects 
locally presentable as finite complexes of locally free sheaves. This triangulated cat- 
egory vanishes if and only if the Noetherian scheme is regular. It was shown in [27, 
Theorem 3.9], under mild assumptions on an affine regular Noetherian scheme X and 
a superpotential (regular function) w on it, that the homotopy category of locally 
free matrix factorizations of w over X is equivalent to the triangulated category of 
singularities of the zero locus X of w in X. 

In his recent paper [29], Orlov shows that the afnneness assumption on X can be 
dropped in this result, if one replaces the homotopy category of locally free matrix 
factorizations with their absolute derived category. He also considers the general 
case of a nonafnne singular scheme X, for which he obtains a fully faithful functor 
from the absolute derived category of locally free matrix factorizations over X to the 
triangulated category of singularities of Xo. The problem of studying the difference 
between these two triangulated categories was posed in the introduction to [29]. 

The first aim of the present paper is to provide an alternative proof of these re- 
sults of Orlov for regular schemes, an alternative generalization of them to singular 
schemes, and a more precise version of Orlov's original generalization. We replace 
the triangulated category at the source of Orlov's fully faithful functor by a "larger" 
category (containing the original one) and the triangulated category at the target 
by a "smaller" category (a quotient of the original one), thereby transforming this 
functor into an equivalence of triangulated categories. We also describe the image of 
Orlov's fully faithful functor as the kernel of a certain other triangulated functor. 

More precisely, we show that the absolute derived category of coherent matrix 
factorizations of w over X is equivalent to what we call the triangulated category of 
singularities of X relative to X. The latter category is a certain quotient category 
of the triangulated category of singularities of X ; it measures, roughly speaking, 
how much worse are the singularities of Xo compared to those of X. As to the 
image of Orlov's fully faithful embedding, it consists precisely of those objects of 
the conventional (absolute) triangulated category of singularities of X whose direct 
images vanish in the triangulated category of singularities of X. 

The paper consists of two sections and a short appendix. In Section 1, we prove 
three rather general technical assertions about derived categories of the second kind 
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for CDG-modules over a quasi-coherent CDG-algebra with a restriction on the homo- 
logical dimension. One of them, claiming that certain embeddings of DG-categories 
of CDG-modules induce equivalences of the derived categories of the second kind, is 
a generalization of [30, Theorem 3.2] based on a modification of the same argument, 
originally introduced for the proof of [34, Theorem 7.2.2]. 

The idea of the proof of the other assertion, according to which certain natural 
functors between derived categories of the second kind are fully faithful, is new. The 
third technical assertion explains when the coderived category coincides with the 
absolute derived category of the same class of CDG-modules: e. g., for the locally 
projective CDG-modules this is true. 

A version of (the former two of) these results is used in Section 2 in order to extend 
Orlov's cokernel functor from the absolute derived category of locally free matrix 
factorizations to the absolute derived category of coherent ones. This extension 
of the cokernel functor admits a simple construction of a functor in the opposite 
direction, suggested in [20]. We use these constructions to obtain a new proof of 
Orlov's theorem, and our own generalization of it to the singular case. 

When X is regular, Orlov's and our results amount to the same assertion, since 
the absolute derived categories of locally free and coherent matrix factorizations are 
equivalent by our Theorem 1.4. When X is singular, the natural functor between 
these two absolute derived categories is fully faithful by our Proposition 1.5, and 
Orlov's full-and-faithfullness theorem follows from ours by virtue of an appropriate 
semiorthogonality property. 

We also compare a "large" version of the triangulated category of relative singu- 
larities with the coderived category of quasi-coherent matrix factorizations, strength- 
ening some results of Polishchuk-Vaintrob [31]. A "large" version of the absolute 
triangulated category of singularities, defined by Orlov in [27], is identified with 
H. Krause's stable derived category [19] in the case of a divisor in a regular scheme. 

The homotopy categories of unbounded complexes of projective modules over a 
ring and injective quasi-coherent sheaves over a scheme were studied in the papers by 
J0rgensen [16] and Krause [19]; subsequently, Iyengar and Krause have constructed 
an equivalence between these two categories for rings with dualizing complexes [15]. 
These results were extended to quasi-coherent sheaves over schemes by Neeman [26] 
and Murfet [21], who found a way to define a replacement of the homotopy category 
of (nonexistent) projective sheaves in terms of the flat ones. The equivalence between 
these two categories is a covariant version of the Serre-Grothendieck duality [12]. It 
is also very similar to the derived comodule-contramodule correspondence theory, 
developed by the present author in [35, 34]. 

The Serre-Grothendieck duality for matrix factorizations in the situation of a 
smooth variety X (and an isolated singularity of X ) was studied in [22]. In this paper 
we extend the duality to matrix factorizations over much more general schemes X, 
constructing an equivalence between two "large" exotic derived categories, namely, 
the coderived category of flat (or locally free) matrix factorizations of possibly infinite 
rank and the coderived category of quasi-coherent matrix factorizations. Unless X 
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is Gorenstein, this equivalence is not provided by the natural functor induced by the 
embedding of DG-categories, but rather differs from it in that the tensor product 
with the dualizing complex has to be taken along the way. A contravariant Serre 
duality in the form of an auto-anti-equivalence of the absolute derived category of 
coherent matrix factorizations is also obtained. 

There was some attention paid to push-forwards of matrix factorizations re- 
cently [31, 8, 32]. We approach this topic with our techniques, constructing the 
push-forwards of locally free matrix factorizations of infinite rank for any morphism 
of finite flat dimension between schemes of finite Krull dimension, and the push- 
forwards of locally free matrix factorizations of finite rank for any such morphism 
for which the induced morphism of the zero loci of w is proper. At the price of 
having to adjoin the images of idempotent endomorphisms, the preservation of 
finite rank under push-forwards is proven assuming only the support of the matrix 
factorization [31] to be proper over the base. 

Push-forwards of quasi- coherent matrix factorizations are well-defined for any mor- 
phism of Noetherian schemes, and push-forwards of coherent matrix factorizations 
exist under properness assumptions similar to the above. A general study of category- 
theoretic and set-theoretic supports of quasi-coherent and coherent CDG-modules is 
undertaken in this paper in order to obtain an independent proof of the preservation 
of coherence under the push-forwards not based on the passage to the triangulated 
categories of singularities. 

A short appendix contains proofs of some basic facts about flat, locally projective, 
and injective quasi-coherent graded modules which are occasionally used in the main 
body of the paper. 

Acknowledgment. The author is grateful to Daniel Pomerleano and Kevin Lin 
for sending him a preliminary version of their manuscript [20], which inspired the 
present work. I wish to thank Alexander Kuznetsov, Alexander Efimov, and Amnon 
Neeman for helpful conversations, Alexander Polishchuk and Henning Krause for 
stimulating questions, and Dmitri Orlov for his insightful remarks on an early version 
of this manuscript. Finally, I would like to thank an anonymous referee for detailed 
suggestions on the improvement of the exposition. The author is partially supported 
by a Simons Foundation grant and an RFBR grant. 

I. Exotic Derived Categories of Quasi-Coherent CDG-Modules 

1.1. CDG-rings and CDG-modules. A CDG-ring (curved differential graded 
ring) B = (B,d,h) is defined as a graded ring B = @ igZ £>* endowed with an odd 
derivation d: B — > B of degree 1 and an element h G B 2 such that d 2 (b) = [h,b] 
for all b G B and d(h) = 0. So one should have d: B % — > B' l+l and d(ab) = d(a)b + 
(— l)' a 'ac?(6); the brackets [— , — ] denote the supercommutator [a, b] = ab— (— l)' a " 6 '6a. 
The element h is called the curvature element. 

A morphism of CDG-rings B — > A is a pair (/, a), with a morphism of graded 
rings /: B — > A and an element a G A 1 , such that /(dsb) = (^/(fr) + [a, f(b)} for 
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all b G B and f{h B ) = Ha + d^a + a 2 . The composition of morphisms of CDG-rings 
is denned by the obvious rule (/, a) o (g, b) = (fog, a + f(b)). The element a is called 
the change- of- connection element. A discussion of the origins of these definitions can 
be found in the paper [33], where the above terminology first appeared (see also an 
earlier paper [9], where the motivation was entirely different). 

A left CDG-module M = (M, oIm) over a CDG-ring B is a graded -B-module 
endowed with an odd derivation oIm'- M — > M compatible with the derivation d 
on B such that d 2 M (m) = hm for all h G M. Given a morphism of CDG-rings 
(/, a) : B — > A and a CDG-module (M, d) over A, the CDG-module (M, d') over B 
is defined by the rule d'(m) = d(m) + am. 

Given graded left 5-modules M and N, homogeneous -B-module morphisms 
/: M — > N of degree n are defined as homogeneous maps supercommuting with 
the action of B, i. e., f(bm) = (-l) n \%f(m). When M and N are CDG-modules, 
the homogeneous .B-module morphisms M — > N form a complex of abelian groups 
with the differential d(f)(m) = d(f(m)) — (—l)^f(d(m)). The curvature-related 
terms cancel out in the computation of the square of this differential, so one has 
d 2 (f) = 0. Therefore, left CDG-modules over B form a DG-category. 

Two aspects of the above definitions are worth to be pointed out. First, the 
CDG-rings or modules have no cohomology modules, as their differentials do not 
square to zero. Second, given a CDG-ring B, there is no natural way to define a 
CDG-module structure on the free graded .B-module B (though B is naturally a 
CDG-bimodule over itself, in the appropriate sense). 

We refer the reader to [35, Section 3.1] or [34, Sections 0.4.3-0.4.5] for more detailed 
discussions of the above notions. We will not need to consider any gradings different 
from Z-gradings in this paper, though all the general results will be equally applicable 
in the T-graded situation in the sense of [30, Section 1.1]. 

1.2. Quasi-coherent CDG-algebras. Throughout this paper, unless specified oth- 
erwise, X is separated Noetherian scheme with enough vector bundles; in other words, 
it is assumed that every coherent sheaf on X is the quotient sheaf of a locally free 
sheaf of finite rank. Note that the class of all schemes satisfying these conditions 
is closed under the passages to open and closed subschemes [27, Section 1.2] and 
contains all regular separated Noetherian schemes [13, Exercise III. 6. 8]. 

Recall the definition of a quasi- coherent CDG-algebra from [35, Appendix B]. A 
quasi-coherent CDG-algebra B over X is a graded quasi- coherent Ox-algebra such 
that for each affine open subscheme U C X the graded ring B(U) is endowed with a 
structure of CDG-ring, i. e., a (not necessarily Cx-hnear) odd derivation d: B(U) — > 
B(U) of degree 1 and an element h G B 2 (U). For each pair of embedded affine 
open subschemes U C V C X, an element auv £ B l (U) is fixed such that the 
restriction morphism B(V) — > B(U) together with the element auv form a morphism 
of CDG-rings. The obvious compatibility condition is imposed for triples of embedded 
affine open subschemes U dVdWdX. 

A quasi- coherent left CDG-module M. over B is an Ox-quasi-coherent (or, equiva- 
lently, £>-quasi-coherent) sheaf of graded left modules over B together with a family 
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of differentials d: A4(U) — > M.{U) defined for all affine open subschemes U C X 
such that A4(U) is a CDG-module over B(U) and the appropriate compatibility con- 
dition holds with respect to the restriction morphisms of CDG- rings B{V) — > B{U). 
Specifically, for a quasi-coherent left CDG-module M. one should have d(s)\u = 
d(s\u) + auvs\u for any s E M(V). 

Quasi-coherent left CDG-modules over a quasi-coherent CDG-algebra B form a 
DG-category [35]. The complex of morphisms between CDG-modules M and A4 is 
the graded abelian group of homogeneous £>-module morphisms / : Af — > AA. with 
the differential d(f) defined locally as the supercommutator of / with the differentials 
in Af(U) and M(U). We denote this DG-category by £>-qcoh. 

We will call a quasi-coherent graded algebra B over X Noetherian if the graded 
ring B(U) is left Noetherian for any affine open subscheme U C X . Equivalently, 
B is Noetherian if the abelian category of quasi-coherent graded left ^-modules is a 
locally Noetherian Grothendieck category. In this case, the full DG-subcategory in 
S-qcoh formed by CDG-modules whose underlying graded £>-modules are coherent 
(i. e., finitely generated over B) is denoted by £>-coh. 

Given a quasi-coherent graded left S-module AA. and a quasi-coherent graded right 
B- module Af, one can define their tensor product Af® B M, which is a quasi-coherent 
graded Ox-module. A quasi- coherent graded left £>-module AA. is called flat if the 
functor — cg>B AA is exact on the abelian category of quasi-coherent graded right 
£>-modules. Equivalently, AA is flat if the graded left £>(£/)-module AA{U) is flat for 
any affine open subscheme U C X. The flat dimension of a quasi-coherent graded 
module AA is the minimal length of its flat left resolution. 

The full DG-subcategory in £>-qcoh formed by CDG-modules whose underlying 
graded £>-modules are flat is denoted by £>-qcoh fh and the full subcategory formed 
by CDG-modules whose underlying graded £>-modules have finite flat dimension is 
denoted by £>-qcoh ffd . The similarly defined DG-categories of coherent CDG-modules 
are denoted by £>-coh f | and B-coh ffd . 

All the above DG-categories of quasi-coherent CDG-modules (and the similar ones 
defined below in this paper) admit shifts and twists, and, in particular, cones. It 
follows that their homotopy categories H°(B-qcoh), i/°(i3-qcoh f |), H°(B-coh), etc. 
are triangulated. Besides, to any finite complex (of objects and closed morphisms) 
in one of these DG-categories one can assign its total object, which is an object of 
(i. e., a CDG-module belonging to) the same DG-category [35, Section f .2]. 

The DG-categories B ' qcoh and i3-qcoh f | also admit infinite direct sums. Hence 
in these two DG-categories one can totalize even an unbounded complex by taking 
infinite direct sums along the diagonals. 

The DG-category i3-qcoh also admits infinite products (which one can obtain using 
the coherator construction from [39, Section B.14]), but these are not well-behaved 
(neither exact nor local), so we will not use them. 

f .3. Derived categories of the second kind. The nonexistence of the cohomology 
groups for curved structures stands in the way of the conventional definition of the 
derived category of CDG-modules, which therefore does not seem to make sense. The 
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suitable class of constructions of derived categories for CDG-modules is that of the 
derived categories of the second kind [34, 35] . 

Let B be a quasi-coherent CDG-algebra over X; assume that the quasi-coherent 
graded algebra B is Noetherian. Then a coherent CDG-module over B is called 
absolutely acyclic if it belongs to the minimal thick subcategory of the homotopy 
category of coherent CDG-modules H°(B-co\\) containing the total CDG-modules of 
all the short exact sequences of coherent CDG-modules over B (with closed morphisms 
between them). The quotient category of H°(B-coh) by the thick subcategory of 
absolutely acyclic CDG-modules is called the absolute derived category of coherent 
CDG-modules over B and denoted by D abs (£>-coh) [35]. 

For any quasi-coherent CDG-algebra B over X, a quasi-coherent CDG-module 
over B is called coacyclic if it belongs to the minimal triangulated subcategory of 
the homotopy category of quasi-coherent CDG-modules H°(B-qcoh) containing the 
total CDG-modules of all the short exact sequences of quasi-coherent CDG-modules 
over B and closed under infinite direct sums. The quotient category of H°(B-coh) 
by the thick subcategory of coacyclic CDG-modules is called the coderived category 
of quasi- coherent CDG-modules over B and denoted by D co (i3-qcoh) [34, 35]. 

Given an exact subcategory E in the abelian category of quasi-coherent graded left 
£>-modules, one can define the absolute derived category of left CDG-modules over B 
with the underlying graded B-modules belonging to E as the quotient category of the 
corresponding homotopy category by its minimal thick subcategory containing the to- 
tal CDG-modules of all the exact triples of CDG-modules with the underlying graded 
£>-modules belonging to E. The objects of the latter subcategory are called absolutely 
acyclic with respect to E (or with respect to the DG-category of CDG-modules with 
the underlying graded modules belonging to E) [30]. 

So one defines the absolute derived categories D abs (i3-coh ffd ) and D abs (i3-coh f |) as 
the quotient categories of the homotopy categories if°(£>-coh ffd ) and H°(B-coh f \) by 
the thick subcategories of CDG-modules absolutely acyclic with respect to £>-coh ffd 
and i3 cohfi, respectively. 

When the exact subcategory E is closed under infinite direct sums, the thick sub- 
category of CDG-modules coacyclic with respect to E is the minimal triangulated 
subcategory of the homotopy category CDG-modules with the underlying graded 
modules belonging to E, containing the total CDG-modules of all the exact triples of 
CDG-modules with the underlying graded modules belonging to E and closed under 
infinite direct sums. The quotient category by this thick subcategory is called the 
coderived category of left CDG-modules over B with the underlying graded modules 
belonging to E [34, 30]. 

Thus one defines the coderived category D co (i3-qcoh f |) as the quotient categories 
of the homotopy category H° (B-qcoh^) by the thick subcategory of CDG-modules 
coacyclic with respect to 25 qcoh f! . The definition of the coderived category 
D co (£>-qcoh ffd ) requires a little more care, since the class of graded modules of 
finite flat dimension is not in general closed under infinite direct sums. An object 
M, G //°(i3-qcoh ffd ) is said to be coacyclic with respect to £>-qcoh ffd if there exists 



8 



an integer d > such that M. is coacyclic with respect to the exact category of 
quasi-coherent CDG-modules of flat dimension < d. The coderived category of 
quasi-coherent CDG-modules of finite flat dimension is, by the definition, the quo- 
tient category of _£T (i3-qcoh ffd ) by the above-defined thick subcategory of coacyclic 
CDG-modules [30, Section 3.2]. 

Remark. One may wonder whether coacyclicity (absolute acyclicity) of quasi- 
coherent CDG-modules (of a certain class) is a local notion. One general approach 
to this kind of problems is to consider the Mayer- Vietoris/Cech exact sequence 

— >■ M > ®Ju a *ju a M — )• ® a<p ju a ru p *ju a nu p M — >• > 

for a finite afline open covering U a of X. Since the inverse and direct images with 
respect to afline open embeddings are exact and compatible with direct sums, they 
preserve coacyclicity (absolute acyclicity). Hence if the restrictions of M. to all U a 
are coacyclic (absolutely acyclic), then so is M. itself. 

Alternatively, one can base this kind of argument on the implications of the 
Noetherianness assumption, rather than the separatedness assumption. For this pur- 
pose, one replaces a quasi- coherent CDG-module Ai with its injective resolution 
(see Lemma 1.7(b)) before writing down its Cech resolution. In this approach, the 
covering need not be afline, as injective coacyclic objects are contractible, and di- 
rect images preserve contractibility; but it is important that the restrictions to open 
subschemes should preserve injectivity of quasi- coherent graded £>-modules (see [12, 
Theorem II. 7. 18] and Theorem A. 3; cf. [39, Appendix B]). 

When one is working with coherent CDG-modules, the Cech sequence argument is 
to be used in conjuction with Proposition 1.5 below. 

1.4. Finite flat dimension theorem. The next theorem is our main technical re- 
sult on which the proofs in Section 2 are based. 

Though we generally prefer the coderived categories of (various classes of) infinitely 
generated CDG-modules over their absolute derived categories, technical considera- 
tions sometimes force us to deal with the latter (see Remark 1.5). Therefore, let 
D abs (£-qcoh fl ), D abs (£-qcoh ffd ), and D abs (£-qcoh) denote the absolute derived cat- 
egories of (flat, of finite flat dimension, or arbitrary) quasi-coherent CDG-modules 
over a quasi-coherent CDG-algebra B. 

Theorem, (a) For any quasi- coherent CDG-algebra B over X, the functor 
D co (i3-qcoh f |) — y D co (i3-qcoh ffd ) induced by the embedding of DG- categories 
S-qcohfi — > B-qcoh f{d is an equivalence of triangulated categories. 

(b) For any quasi- coherent CDG-algebra B over X, the functor D abs (£-qcoh fl ) — > 
D abs (B-qcoh ffd ) induced by the embedding of DG-categories £>-qcoh f | — > B-qcoh ffd is 
an equivalence of triangulated categories. 

(c) For any quasi- coherent CDG-algebra B over X such that the underlying quasi- 
coherent graded algebra B is Noetherian, the functor D abs (<B-coh f |) — > D abs (i3-coh ffd ) 
induced by the embedding of DG-categories £>-coh f | — > B-coh ffd is an equivalence of 
triangulated categories. 
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Proof. The proof follows that of [30, Theorem 3.2] (see also [34, Theorem 7.2.2]) with 
some modifications. We will prove part (a); the proofs of parts (b-c) are completely 
similar. (Alternatively, parts (b-c) can be deduced from Proposition 1.5(a-b) below.) 

Given an affine open subscheme U C X and a graded module P over the graded ring 
B(U), one can construct the freely generated CDG-module G + (P) over the CDG-ring 
B(U) in the way explained in [35, proof of Theorem 3.6]. The elements of G + (P) are 
formal expressions of the form p + dq, where p, q G P. Given a quasi-coherent graded 
module V over B, the CDG-modules G + {V{U)) glue together to form a quasi-coherent 
CDG-module G + (V) over B. For any quasi-coherent CDG-module Ai over £>, there 
is a bijective correspondence between morphisms of graded £>-modules V — > Ai and 
closed morphisms of CDG-modules G + (V) — > Ai over B. There is a natural short 
exact sequence of quasi-coherent graded B- modules V — > G + (V) — > V[—l]. The 
quasi-coherent CDG-module G + (V) is naturally contractible with the contracting 
homotopy t v given by the composition G + (V) — > V[—l] — > G + (V)[— 1]. 

Due to our assumption on X, for any quasi- coherent Ox-module /C over X there 
exists a surjective morphism £ — > JC onto /C from a direct sum S of locally free 
sheaves of finite rank on X. Hence for any quasi-coherent graded B- module Ai 
there is a surjective morphism onto Ai from a flat quasi-coherent graded i3-module 
^ = ®o x 4[4 and for any quasi-coherent CDG-module Ai over B there 

is a surjective closed morphism onto Ai from the CDG-module G + (V) G 25 qcoh f! . 
(In fact, parts (a-b) of Theorem can be proven without the assumption of enough 
vector bundles on X, since there are always enough flat sheaves; see Remark 2.6 and 
Lemma A.l.) 

Now the construction from [35, proof of Theorem 3.6] provides for any object 
Ai of £>-qcoh ffd a closed morphism onto Ai from an object of £>-qcoh f | with the 
cone absolutely acyclic with respect to i3-qcoh ffd . To obtain this morphism, one 
picks a finite left resolution of Ai consisting of objects from i3 qcoh f , with closed 
morphisms between them, and takes the total CDG-module of this resolution. By [35, 
Lemma 1.6], it follows that the triangulated category D co (i3-qcoh ffd ) is equivalent 
to the quotient category of H (B-qcoh tt ) by its intersection in H° (i3-qcoh ffd ) with 
the thick subcategory of CDG-modules coacyclic with respect to £>-qcoh ffd . It only 
remains to show that any object of H°(B-qcoh n ) that is coacyclic with respect to 
jB-qcoh ffd is coacyclic with respect to S-qcoh f |. 

Let us call a quasi- coherent CDG-module Ai over B d-flat if its underlying 
quasi-coherent graded £>-module Ai has flat dimension not exceeding d. A d-flat 
quasi-coherent CDG-module is said to be d-coacyclic if it is homotopy equivalent 
to a CDG-module obtained from the total CDG-modules of exact triples of d-flat 
CDG-modules using the operations of cone and infinite direct sum. Our goal is to 
show that any 0-flat d-coacyclic CDG-module is 0-coacyclic. For this purpose, we 
will prove that any (d — l)-flat d-coacyclic CDG-module is (d — l)-coacyclic; the 
desired assertion will then follow by induction. 

It suffices to construct for any d-coacyclic CDG-module Ai a (d — l)-coacyclic 
CDG-module £ with a (d — l)-coacyclic CDG-submodule /C such that the quotient 
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CDG-module C/K is isomorphic to Ai. Then if Ai is (d — l)-flat, it would follow 
that both the cone of the morphism /C — > C and the total CDG-module of the exact 
triple /C — > C — > Ai are id — l)-coacyclic, so Ai also is. The construction is based 
on four lemmas similar to those in [30, Section 3.2]. 

Lemma A. Let Ai be the total CDG-module of an exact triple ofd-flat quasi- coherent 
CDG-modules Ai' — y Ai" — y Ai'" over B. Then there exists a surjective closed 
morphism onto Ai from a contractible 0-flat CDG-module V with a (d — l)-coacyclic 
kernel /C. 

Proof. Choose 0-flat quasi-coherent CDG-modules V and V" such that there exist 
surjective closed morphisms V — > Ai' and V" — > Ai". Then there exists a 
surjective morphism from the exact triple of CDG-modules V — > V © V" — > V" 
onto the exact triple Ai' — > Ai" — > Ai'". The rest of the proof is similar to that 
in [30]. ' □ 

Lemma B. (a) Let K,' C C and JC" C C" be (d — \)-coacyclic CDG-submodules in 
(d — l)-coacyclic CDG-modules, and let C/K.' — > £"/JC" be a closed morphism of 
CDG-modules. Then there exists a (d — l)-coacyclic CDG-module C with a (d — 1)- 
coacyclic CDG-submodule K such that C/K, ~ cone(£'//C' — > C" /JC"). 

(b) In the situation of (a), assume that the morphism C'/JC' — > C" /IC" is injective 
with a d-fiat cokernel Ai . Then there exists a (d— \)-coacyclic CDG-module £ with 
a (d — \)-coacyclic CDG-submodule /C such that Cq/JC ~ Ai . 

Proof. The proof is similar to that in [30]. □ 

Lemma C. For any contractible d-fiat CDG-module M. there exists a surjective 
closed morphism onto M. from a contractible 0-flat CDG-module C with a (d — 1)- 
coacyclic kernel /C. 

Proof. Let p: V — > Ai be a surjective morphism onto the quasi- coherent graded 
B- module Ai from a flat quasi-coherent graded £>-module V, and p: G + (V) — > Ai 
be the induced surjective closed morphism of quasi-coherent CDG-modules. Let 
t: M — > M be a contracting homotopy for M and t v : G + (V) — > G + {V) be 
the natural contracting homotopy for G + (V). Then u = pt-p — tp: G + (V) — > Ai 
is a closed morphism of quasi-coherent CDG-modules of degree —1. Denote by u 
the restriction of u to V C G + (V). There exists a surjective morphism from a 
flat quasi-coherent graded i3-module Q onto the flbered product of the morphisms 
p: V — > Ai and u: V — > Ai. Hence we obtain a surjective morphism of quasi- 
coherent graded £>-modules q: Q — > V and a morphism of quasi-coherent graded 
£>-modules v. Q — > V of degree —1 such that uq = pv. 

The morphism q induces a surjective closed morphism of quasi-coherent CDG-mod- 
ules q: G + {Q) — > G + (V). The morphism q is homotopic to zero with the natural 
contracting homotopy gtg = t-pq. The morphism v induces a closed morphism of 
CDG-modules v: G + (Q) — > G + (V) of degree —1. The morphism t-pq — v is another 
contracting homotopy for q. The latter homotopy forms a commutative square with 
the morphisms p, pq, and the contracting homotopy t for the CDG-module Ai. 

ll 



Let M be the kernel of the morphism pq : G + (Q) — > M. and /C be the kernel of the 
morphism p: G + (V) — > Ai. Then the natural surjective closed morphism r: M — > 
JC is homotopic to zero; the restriction of the map t-pq — v provides the contracting 
homotopy that we need. In addition, the kernel G + (kerg) of the morphism r is 
contractible. So the cone of the morphism r is isomorphic to /C ©A/"[l], and on the 
other hand there is an exact triple G + (kerg)[l] — > cone(r) — > cone(id^). Since K, 
is (d — l)-flat and ker q is flat, this proves that /C is (d — l)-coacyclic. It remains to 
take C = G+{V). □ 

Lemma D. Let Ai — > Ai' be a homotopy equivalence of d-flat CDG-modules such 
that Ai' is the quotient CDG-module of a (d— l)-coacyclic CDG-module by a (d— 1)- 
coacyclic CDG-submodule. Then Ai is also such a quotient. 

Proof. The proof is similar to that in [30]. □ 

It is clear that the property of a CDG-module to be presentable as the cokernel 
of an injective closed morphism of (d — l)-coacyclic CDG-modules is stable under 
infinite direct sums. This finishes our construction and the proof of Theorem. □ 

Remark. The assertion of part (c) of Theorem 1.4 can be equivalently rephrased 
with flat modules replaced by locally projective ones. Indeed, a finitely presented 
module over a ring is flat if and only if it is projective. 

In the infinitely generated situation of parts (a-b), flatness of quasi-coherent sheaves 
is different from their local projectivity (which is a stronger condition), but the as- 
sertions remain true after one replaces the former with the latter. The same applies 
to Proposition 1.5(a) below. Indeed, by Theorem A. 2, for any quasi- coherent graded 
algebra B over an afline scheme U, projectivity of a graded module over the graded 
ring B{U) is a local notion. Taking this fact into account, our proof goes through for 
locally projective quasi-coherent graded modules in place of flat ones and the locally 
projective dimension (defined as the minimal length of a locally projective resolution) 
in place of the flat dimension. 

When B = Ox, local projectivity of quasi-coherent modules is equivalent to local 
freeness [2, Corollary 4.5]. Furthermore, in this case, assuming additionally that X 
has finite Krull dimension, the classes of quasi-coherent sheaves of finite flat dimension 
and of finite locally projective dimension coincide [37, Corollaire II. 3. 3. 2]. 

1.5. Fully faithful embedding. The next proposition is stronger than Theorem 1.4 
in some respects, and is proven by an entirely different technique. 

Proposition, (a) For any quasi- coherent CDG-algebra B over X, the func- 
tor D abs (i3-qcoh f |) — > D abs (i5-qcoh) induced by the embedding of DG-categories 
£>-qcoh f | — > £>-qcoh is fully faithful. 

Furthermore, let B be a quasi- coherent CDG-algebra over X such that the under- 
lying quasi- coherent graded algebra B is Noetherian. Then 

(b) the functor D abs (i3-coh f |) — > D abs (i3-coh) induced by the embedding of 
DG-categories £>-cohfi — > £>-coh is fully faithful; 
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(c) the functor D abs (£>-coh) — y D abs (B-qcoh) induced by the embedding of 
DG-categories £>-coh — y £> qcoh is fully faithful; 

(d) the functor D abs (B-coh) — y D co (£>-qcoh) induced by the embedding of 
DG-categories £>-coh — y B-qcoh is fully faithful and its image forms a set of 
compact generators for D co (i3-qcoh) . 

Proof. The proof of part (d) in the case when X is affine can be found in [35, Sec- 
tion 3.11] (the part concerning compact generation belongs to D. Arinkin). The proof 
in the general case is similar; and part (c) can be also proven in the way similar to [35, 
Theorem 3.11.1]. Part (b) in the affine case is easy and follows from the semiorthog- 
onality property of CDG-modules with projective underlying graded modules and 
absolutely acyclic/contraacyclic CDG-modules [35, Theorem 3.5(b)], since finitely 
generated flat modules over a Noetherian ring are projective. A detailed proof of 
part (b) in the general case is given below; and the proof of part (a) (which does not 
automatically simplify in the affine case) is similar. 

We will show that any morphism £ — y £ from a CDG-module £ G if °(£>-coh f |) to 
a CDG-module C G H°(B-coh) absolutely acyclic with respect to B-coh can be an- 
nihilated by a morphism V — > £ into £ from a CDG-module V G iJ°(i3— cohfi) with 
a cone of the morphism V — > £ being absolutely acyclic with respect to £>-coh f |. 
By the definition, the CDG-module £ is a direct summand of a CDG-module ho- 
motopy equivalent to a CDG-module obtained from the totalizations of exact triples 
of CDG-modules in B-coh using the operation of passage to the cone of a closed 
morphism repeatedly. It suffices to consider the case when C itself is obtained from 
totalizations of exact triples using cones. We proceed by induction in the number of 
operations of passage to the cone in such a construction of C. 

So we assume that there is a distinguished triangle /C — y C — y Ai — y /C[l] in 
if (B-coh) such that Ai is the total CDG-module of an exact triple of CDG-modules 
in B-coh, while the CDG-module /C has the desired property with respect to mor- 
phisms into it from all CDG-modules J 7 G iJ°(B-coh f |). If we knew that the object Ai 
also has the same property, it would follow that the composition £ — y C — y Ai can 
be annihilated by a morphism J 7 — y £ with J 7 G H°(B-cohf\) and a cone absolutely 
acyclic with respect to £>-cohf|. The composition J 7 — y £ — y C then factorizes 
through /C, and the morphism J 7 — y K. can be annihilated by a morphism V — > J 7 
with V G if°(B-cohfi) and a cone absolutely acyclic with respect to £>-coh f |. The 
composition V — > J 7 — y £ provides the desired morphism V — y £. 

Thus it remains to construct a morphism J 7 — y £ with the required properties an- 
nihilating a morphism £ — y Ai, where Ai is the total CDG-module of an exact triple 
of CDG-modules U — y V — y W. For any graded module M over £>, morphisms of 
graded B-modules Af — > Ai of degree n are represented by triples (f,g,h), where 
/ : Af — y U is a morphism of degree n + 1, g: Af — > V is a morphism of degree n, 
and h: Af — > W is a morphism of degree n — 1. Denote the closed morphisms in 
the exact triple U — > V — > W by j : U — > V and k : V — y W. 

Lemma E. Let Af be a CDG-module over B and Ai be the total CDG-module of an 
exact triple of CDG-modules U — y V — > W as above. Then 
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(a) the differential of a morphism of graded B-modules Af — > AA of degree n rep- 
resented by a triple (f,g, h) is given by the rule d(f,g, h) = (—df, —jf + dg, kg — dh); 

(b) when (f,g, h) is a closed morphism of CDG-modules of degree n and the mor- 
phism of graded B-modules h: Af — > W can be lifted to a morphism of graded 
B-modules t: Af — > V of degree n — 1, the morphism (f,g, h) is homotopic to zero. 

Proof. The complex of morphisms in the DG-category of CDG-modules Hom B (A/", AA) 
is the total complex of the bicomplex of abelian groups Hom^A/", U) — > 
Hom B (A/', V) — > Hom B (A/', W). The formula in (a) is the formula for the dif- 
ferential of a total complex. 

Furthermore, the sequence — > Hom jB (A/', U) — )■ Homg(A/", V) — > Hom B (A/', W) 
is exact. Let B.om' B (Af, W) denote the cokernel of the morphisms of complexes 
Hom B (A/", U) — > Hom B (A/', V); then Rom B (Af, W) is a subcomplex of Hom e (A/", W) 
and the total complex of the bicomplex Hom^A/", U) — > Homg(A/", V) — > 
Rom B (Af,W) is an acyclic subcomplex of Hom^A/", A4). Hence any cocycle in 
Hom^A/", A4) that belongs to this subcomplex is a coboundary. 

To present the same argument using our letter notation for morphisms, assume 
that kt = h. Then kidt — g) = dh — kg = 0, so there exists a morphism of graded 
£>-modules s: Af — > U of degree n such that dt — g = js. Then jds = —dg = —jf, 
hence ds = —f and d(s, t, 0) = (/, g, h). □ 

Recall the notation G + (Q) for the CDG-module freely generated by a graded 
B- module Q (see the beginning of the proof of Theorem 1.4). 

Lemma F. Let AA be the total CDG-module of an exact triple of CDG-modules 
U — > V — > W as above, and let Q be a graded B-module. Assume that a morphism 
of graded B-modules p: Q — > A4 of degree n with the components (f,g, h) is given 
such that the component h: Q — > W can be lifted to a morphism of graded B-modules 
t: Q — )• V of degree n — 1. Let p: G + (Q) — > AA be the induced closed morphism of 
CDG-modules of degree n and (/, g, h) be its three components. Then the morphism of 
graded B-modules h: G + (Q) — > W can be lifted to a morphism of graded B-modules 
t: G + (Q) — >V of degree n-1. 

Proof. Notice that any closed morphism of CDG-modules G + (Q) — > AA is homo- 
topic to zero, since the CDG-module G + (Q) is contractible. The conclusion of the 
lemma is stronger, and we will need its full strength. The argument consists in a 
computation in the letter notation for morphisms. 

For any CDG-module Af over £>, morphisms of graded B- modules f : G + (Q) — > Af 
of degree n — 1 are uniquely determined by their restriction to Q and the restriction 
to Q of their differential df, which can be arbitrary morphisms of graded £>-modules 
<2 — > Af of the degrees n—1 and n, respectively. Extend our morphism t : Q — > V to 
a morphism of graded B- modules f: G + (Q) — > V of degree n—1 such that (df)|g = g. 
Then H\q — kt — h — Ji\q and (d(kt))\ Q = k(dt)\Q = kg = kg\ Q = (dh)\Q by 
Lemma E(a), hence kt — h. □ 
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Now represent a closed morphism £ — > M. by a triple (f,g,h) of morphisms of 
the degrees 1, 0, and —1, respectively. Let Q be a flat coherent graded £>-module 
mapping surjectively onto the fibered product of the morphisms k: V — > W and 
h: £ — > W (see the beginning of the proof of Theorem 1.4 again). Then there is a 
surjective morphism of graded £>-modules q: Q — > £ and its composition with the 
morphism h : £ — > W can be lifted to a morphism of graded £?-modules t : Q — > V 
of degree —1. Consider the induced morphism of CDG-modules q: G + {Q) — > £. By 
Lemma F, the composition hq: G + {Q) — > W can be lifted to a morphism of graded 
^-modules t: G + {Q) — > V of degree -1. 

Let TZ denote the kernel of the closed morphism q. Then the cone J 7 of the em- 
bedding 1Z — > G + (Q) maps naturally onto £ with the cone absolutely acyclic with 
respect to £>-cohf|. As a graded B- module, the CDG- module J 7 is isomorphic to 
G + (Q) © TV\X\\ the composition J 7 — > £ — > M factorizes through the direct sum- 
mand G + (Q), where it is defined by the triple (fq, gq, hq). Since the morphism hq 
can be lifted to V, so can the corresponding component J 7 — > W of the morphism 
J 7 — > M.. Thus the latter morphism is homotopic to zero by Lemma E(b). □ 

In some cases the use of Lemma F in the above proof of part (b) can be avoided. 
Assume that X is a projective scheme over a Noetherian ring and the category of 
coherent graded £>-modules is equivalent to the category of coherent modules over 
some coherent (graded) C^-algebra A. In this situation, one takes Q to be the graded 
i3-module corresponding to the (graded) v4-module induced from a large enough finite 
direct sum of (shifts of) copies of a sufficiently negative invertible Ox- m odule; then 
there is a surjective morphism of graded £>-modules Q — > £ and any morphism of 
graded ^-modules G + (Q) — > W lifts to V. 

Remark. We do not know how to extend the proof of Proposition 1.5(a-b) to the 
coderived categories of quasi-coherent CDG-modules. Instead, this argument appears 
to be well-suited for use with the contraderived categories (see [35, Section 3.3] for 
the definition). In particular, it allows to show that the contraderived category of left 
CDG-modules over a CDG-ring B with a right coherent underlying graded ring is 
equivalent to the contraderived category of CDG-modules whose underlying graded 
.B-modules are flat (cf. [35, paragraph after the proof of Theorem 3.8]). 

This is the main reason why we sometimes find it easier to deal with the absolute 
derived rather than the coderived categories of infinitely generated CDG-modules 
(cf. Remark 2.8). On the other hand, for the coderived category of quasi-coherent 
CDG-modules we have the compact generation result (part (d) of Proposition), the 
results and arguments of Sections 1.7, 1.10, 2.5, 2.9, etc. The conditions under which 
these two versions of the construction of the derived category of the second kind for 
a given class of CDG-modules lead to the same triangulated category are discussed 
below in Section 1.6. 

1.6. Finite homological dimension theorem. Let B -qcoh| p denote the DG-cate- 
gory of quasi-coherent CDG-modules over B whose underlying graded £>-modules are 
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locally projective (see Remark 1.4 and Theorem A. 2). Denote by D co (i3-qcoh| p ) and 
D abs (£>-qcoh| p ) the corresponding coderived and absolute derived categories. 

Theorem. The triangulated categories D co (i5-qcoh| p ) and D abs (£>-qcoh| p ) coincide, 
i. e., every CDG-module over B that is coacyclic with respect to 23-qcoh| p is also 
absolutely acyclic with respect to £>-qcoh| p . 

Proof. The reason for this assertion to be true is that the exact category of locally 
projective graded /^-modules has finite homological dimension [27, Lemma 1.12] and 
exact functors of infinite direct sums. If this exact category also had enough injectives, 
the simple argument from [35, Theorem 3.6(a) and Remark 3.6] would suffice to 
establish the desired D co = D abs isomorphism for it (see also [34, Remark 2.1]). The 
lengthy argument below is designed to provide a way around the injective objects 
issue in this kind of proof. 

Our aim is to show that for any closed morphism V — > C from a CDG-module 
V G i5-qcoh| p to a CDG-module absolutely acyclic with respect to 25 qcoh !p there 
exists an exact sequence — > Qd — > Qd-i — > • • • — > Qo — > V — > of 
CDG-modules and closed morphisms in £>-qcoh| p such that the induced morphism 
from the total CDG-module of Q d — > ■ ■ • — > Qo to C is homotopic to zero. Here 
d is a fixed integer equal to the homological dimension of the exact category of locally 
projective graded £>-modules, which does not exceed the number of open subsets in 
an affine covering of X minus one. 

Taking V = C and the morphism V — > C to be the identity, we will then conclude 
that V is isomorphic to a direct summand of the total CDG-module of Qd — > ■ ■ ■ — > 
Qo in H°(B-q coh| p ). Hence an object of H°(B-qcoh\ p ) is absolutely acyclic 

with respect to £>-qcoh| p if and only if it is isomorphic to a direct summand of the 
total CDG-module of a (d + 2)-term exact sequence of CDG-modules from £>-qcoh| p 
with closed morphisms between them. It will immediately follow that the class of 
CDG-modules absolutely acyclic with respect to 23-qcoh| p is closed under infinite 
direct sums, so it coincides with the class of coacyclic CDG-modules. 

We can suppose that there exists a sequence of distinguished triangles — > 
/Cj — > Mi — > /Q-i[l] in H°(B-qcoh\ p ) such that /C = 0, K n — C, and Mi is 
the total CDG-module of an exact triple Ui — > Vi — > Wj of CDG-modules from 
i3-qcoh| p for all 1 < i < n. We will start with constructing an exact sequence 
— > Q' n — > ■ ■ ■ — > Q' — > V — > with the above properties, but of the length n 
rather than d. Then we will use the finite homological dimension property of locally 
projective graded £>-modules in order to obtain the desired resolution Q, of a fixed 
length d from a resolution Q' m . 

Lemma G. Let M be the total CDG-module of an exact triple U — > V — > W 
of CDG-modules from 25 qcoh !p and JC — > C — > M — > /C[l] be a distinguished 
triangle in H° (B-qcoh ip ) . Then for any CDG-module V G 25 qcoh !p and a mor- 
phism V — > C in H°(B-qcoh\ p ) there exists an exact triple TZ — > Q — > V of 
CDG-modules from Z3-qcoh| p and a morphism TZ[1] — > K in H°(B-qcoh ip ) such 
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that the composition J 7 — y V — y C, where T is the cone of the closed morphism 
1Z — > Q, is equal to the composition J 7 — > 7£[1] — > IC — > C in H° (i5 qcoh !p ) . 

Proof. The argument is based on Lemmas E-F from Section 1.5. We can assume 
that C is the cone of a closed morphism Ai[— 1] — > JC and fix a closed morphism 
V — > C representing the given morphism in the homotopy category. Arguing as in 
the proof of Proposition 1.5, we can construct a surjective closed morphism Q! — > V 
onto V from a CDG-module Q! G S-qcoh| p such that the composition Q! — y V — y 
C — > Ai — > W[— 1] lifts to a morphism of graded £>-modules Q! — > V[— 1]. Here 
it suffices to apply the functor G + to the fibered product of the morphisms of graded 
£>-modules V — > W[— 1] and V[— 1] — > W[— 1], and use Lemma F. 

Then the morphism Q! — > Ai is homotopic to zero with a natural contracting 
homotopy (provided by the proof of Lemma E), so the morphism Q' — > C factorizes, 
up to a homotopy, as the composition of a naturally defined closed morphism Q' — > 
JC and the closed morphism IC — y C Set Q to be the cocone of the closed morphism 
Q! — y JC; then we have a surjective closed morphism Q — > Q' such that the 
composition Q — > Q' — > IC is homotopic to zero. 

Let TZ be kernel of the morphism Q — > V and J 7 be the cone of the morphism 
1Z — > Q; then there is a natural closed morphism J 7 — > V. Using Lemma E and 
arguing as in the end of the proof of Proposition 1.5 again, we can conclude that the 
composition T — > V — > C — > M. is homotopic to zero. Indeed, the composition 
J 7 — > Ai — > W[— 1] lifts to a graded £>-module morphism J 7 — > V[— 1], since 
J 7 — Q © 7Z[— 1] as a graded £>-module, the morphism J 7 — > Ai factorizes through 
the projection of T onto Q, and the morphism Q — > Q' — > W[— 1] lifts to a graded 
i3-module morphism Q — > Q' — > V[— 1] by our construction. 

Notice that the contracting homotopy that we have obtained for the closed mor- 
phism J 7 — > Ai forms a commutative diagram with the closed morphisms Q — > J 7 , 
Q — > Q', and the contracting homotopy that we have previously had for the closed 
morphism Q' — y Ai (since so do the liftings J 7 — y V[— 1] and Q' — y V[— 1]). 
This allows to factorize, up to a homotopy, the close morphism T — y C as the 
composition of a closed morphism J 7 — y fC and the closed morphism fC — y C in 
such a way that the morphism J 7 — y IC forms a commutative diagram with the 
closed morphisms Q — > J 7 , Q — > Q', and the closed morphism Q' — y /C that we 
have previously constructed. The composition Q — y T — y IC, being equal to the 
composition Q — y Q' — y IC, is homotopic to zero; hence the morphism J 7 — y IC 
factorizes through the closed morphism J 7 — y 1Z[l] in H°(B-qcoh\ p ). □ 

Applying Lemma G to the morphism V — y C and the distinguished triangle 
/C n _i — y C — y At n — > /C n -i) we obtain an exact triple TZ' — > Q' — y V and 
a morphism 7Zq[1] — > IC n -i in iJ°(i3-qcoh| p ). Applying the same lemma again to 
the morphism 7Z' [1] — > IC n -i and the distinguished triangle /C n _2 — > IC n -i — > 
Ai n -i — y /C„_2[l], we construct an exact triple 1Z' X — y Q[ — > 1Z' Q and a morphism 
7Z'i[2] — y /C„_2, etc. Finally we obtain an exact triple 7Z' n _i — > Q! n -\ — > 7t'n-2 an( i 
a morphism TZ'^^n] — y )C = 0. 
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Let us check that the natural morphism from the total CDG-module of the complex 
— > TZ'n-i — * Q'n-i — ^ ' ' ' — * Q'o to the CDG-module C is homotopic to 
zero. Denote this morphism by f n . It factorizes naturally through the cone J-'q 
of the closed morphism TZ' — > Q' , and the morphism F — > C is homotopic 
to the composition T§ — > 7?. [1] — > /C n _i — > C. Hence, up to the homotopy, the 
morphism f n factorizes through the morphism f n -\ from the the total CDG-module of 
the complex — > 7Z' n _i — > Q' n -i — > • • • — > Q[ to /C n _i induced by the morphism 
1Z' [1] — > K n -\. Continuing to argue in this way, we conclude that the morphism / 
factorizes, up to a homotopy, through the morphism f : 7i' n _i[n] — > /Co = 0. 

It remains to "cut" our exact sequence of an unknown length n to a fixed size d. 
For this purpose, we will assume that n > d and construct from our exact sequence 
of length n another exact sequence with the same properties, but of the length n — 1. 
This part of the argument is based on the following lemma. 

Lemma H. For any CDG-module M. G i3-qcoh| p; locally projective graded B-module 
£ , and a homogeneous surjective morphism of locally projective graded B-modules 
£ — > Ai, there exist a CDG-module Q G £>-qcoh| p7 a surjective closed morphism of 
CDG-modules Q — > Ai, and a homogeneous surjective morphism of locally projective 
graded B-modules Q — > £, such that the triangle Q — > £ — > Ai commutes. 

Proof. For any open subscheme U C X, one can simply define Q l (U) as the abelian 
group of all pairs (e' G £ t+1 (U), e G £ 1 {U)) such that df(e) = f(e'), where / denotes 
the morphism of graded £>-modules £ — > M. and d is the differential in M. The 
action of B in Q is defined by the formula b(e',e) = ((— l)^be' + d(b)e, be); the 
differential in Q is given by the obvious rule d(e', e) = (he, e'). The morphism Q — > 
£ is defined as (e', e) i — > e; the morphism Q — > A4, given by (e', e) i — > /(e), 
obviously commutes with the differentials. 

It remains to check that the graded £>-module Q is locally projective. This can 
be done by comparing the above construction with the constructions of the freely 
(co)generated CDG-modules G + (£) and G~(£) from [35, proof of Theorem 3.6] (see 
the beginning of the proof of Theorem 1.4). One can simply define G~(£) as being 
isomorphic to G + (£)[!}. Since M is a CDG-module, there is a natural closed mor- 
phism of CDG-modules M. — > G~(M). The CDG-module Q is the fibered prod- 
uct of the surjective closed morphism of CDG-modules G~{£) — > G~(Ai) and the 
closed morphism Ai — > G~(M)\ hence the graded B- module Q is locally projective. 
The morphism Q — > £ is induced by the natural morphism of graded £>-modules 
G~(£) — > £. It forms a commutative diagram with the morphism £ — > Ai, since 
the composition M — > G~(M) — > M is the identity morphism. □ 

The exact sequence of CDG-modules — > Tt' n -i — y Q'n-i — ^ ' ' ' — > Q'o — ^ 
V — > represents a certain Yoneda Ext class of degree n between the locally pro- 
jective graded £>-modules V and TU n _ x . Since the homological dimension of the exact 
category of such £>-modules is equal to d and we assume that n > d, this Ext class 
has to vanish. This means that there exists an exact sequence of locally projective 
graded B- modules — > Tt' n -i — ^ £n-i — > ' ' ' — > £o — > *P — > mapping to our 



18 



original exact sequence, with the maps on the rightmost and lefmost terms being the 
identity maps, such that the embedding of £>-modules 7?.' t _ 1 — > £ n -i splits. 

As explained in [36, proof of Lemma 4.4], one can assume the morphisms Si — > Q' { 
to be surjective. Applying Lemma H, we obtain a surjective closed morphism of 
CDG-modules Q — > Q' and a morphism of graded £>-modules Q — > S forming 
a commutative triangle with the morphism Sq — > Q' . Applying Lemma H to the 
surjective morphism of fibered products Qo X£ Q Si — > Qo Xq> q Q[, we obtain a 
surjective closed morphism Q x — > Q[ and a closed morphism Q x — > Q forming a 
commutative square with the closed morphisms Q — > Q'o an d Q[ — > Q'o- Besides, 
the sequence Q x — > Qo — > V is exact at Q . We also obtain a morphism of graded 
£>-modules Q x — > Si forming a commutative triangle with the morphisms to Q' x and 
a commutative square with the morphisms to So. 

Proceeding in this way, we construct a sequence Q n -2 — > • • • — > Qo — > V — > 0, 
which is exact at all the middle terms, maps onto the sequence Q' n _ 2 — y ' ' ' — * 
Q' — > V by closed morphisms, and maps into the sequence £„_ 2 — > • • • — > S — > 
V so that the triangle of the maps of sequences commutes. Finally, notice that 

S n -i — S n - 2 x Q' n _ 2 Q'n-n and set Qn-i = Qn-2 x Q' n _ 2 Q'n-v Tlien tlie exact sequence 
of CDG-modules — > TV n _ x — > Q n _i — > — > Q — > V — > maps onto 
the exact sequence — > Tl' n -i — ^ Q'n-i — ^ ' ' ' — ^ 2d — ^ ^ — ^y closed 
morphisms, and this map of exact sequences factorizes through the exact sequence 
of graded £>-modules — > 1Z' n _ l — > S n -i — > ■ ■ ■ — > Sq — > V — > 0. The 
composition of the morphism Q n _i — > S n -i with the splitting S n -i — > H' n -i of the 
embedding TV n _ x — > £ n -\ provides a graded £>-module splitting Q n -i — > ^ n -\ °f 
the embedding of CDG-modules VJ n _ x — > Q n -i- 

Denote by TZ n -2 the image of the morphism of CDG-modules Q n -i — > Qn-2- The 
morphism from the total CDG-module of the complex VJ n _ x — > Q' n -i — ^ ' ' ' — ^ Q'o 
to the CDG-module C is homotopic to zero, hence so is the morphism to C from 
the total CDG-module of the complex TV n _ x — > Q n -i — > • • • — > Qo- The lat- 
ter morphism factorizes naturally through the total CDG-module of the complex 
7Z n -2 — > Qn-2 — > ■ • • — > Qo- The cone of this closed morphism between two 
total CDG-modules is homotopy equivalent to the total CDG-module of the exact 
triple TZ' n _ x — > Q n -i — > Since this exact triple splits as an exact triple 

of graded £>-modules, its total CDG-module is contractible. Consequently, the mor- 
phism between the total CDG-modules of TV n _ x — > Q n -i — > • • • — > Qo and 
lZ n -2 — > Qn-2 — > ■ ■ ■ — > Qo is a homotopy equivalence. 

It follows that the natural morphism from the total CDG-module of the resolution 
Tln-2 — > Qn-2 — > • • • — > Qo of the CDG-module V to the CDG-module C is 
homotopic to zero, and we are done. □ 

So far we have only considered flat coherent CDG-modules over quasi-coherent 
CDG-algebras B whose underlying quasi-coherent graded algebras are Noetherian. 
But the latter restriction is not necessary, as flat and locally finitely presented 
(or, which is equivalent, locally projective and finitely generated) quasi-coherent 
graded ^-modules always form an exact subcategory of flat (or locally projective) 
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graded £>-modules. The notation i3 coh| p (understood in the obvious sense as the 
DG-category of CDG-modules over B with coherent and locally projective underly- 
ing graded B- modules) is synonymous to i3 cohfi (see Remark 1.4). 

Corollary. The functor D abs (i3-coh| p ) — ► D co (i3-qcoh| p ) induced by the embedding 
of DG-categories Z3-coh| p — > 25 qcoh !p is fully faithful. 

Proof. When B is Noetherian, one can show that the functor D abs (23-coh| p ) — y 
D abs (i3-qcoh| p ) is fully faithful by comparing parts (a-c) of Proposition 1.5 (with the 
flatness condition replaced by the local projectivity). In the general case, one proves 
this assertion directly, using an argument similar to the proof of Proposition 1.5(a-b). 
Then it remains to use the above Theorem. □ 

When every flat quasi-coherent graded module over B has finite locally projective 
dimension (see Remark 1.4), one has D co (£>-qcoh| p ) ~ D co (£>-qcoh f |) ~ D co (£>-qcoh ffd ) 
and D abs (i3-qcoh| p ) ~ D abs ( J B-qcoh f |) ~ D abs (i3-qcoh ffd ) by appropriate versions of 
Theorem 1.4. Consequently, it follows from Theorem above that D abs ( J B-qcoh f |) = 
D co (£-qcoh fl ) and D abs (£-qcoh ffd ) = D co (£-qcoh ffd ) in this case. Thus the functor 
D abs (fi-coh f |) — > D co (£-qcoh fl ) is fully faithful; when B is Noetherian, so is the 
functor D abs (£-coh ffd ) — > D co (£-qcoh ffd ). 

1.7. Gorenstein case. Here we establish a sufficient condition for the functor 
D co (£>-qcoh f |) — > D co (i3-qcoh) to be an equivalence of triangulated categories. 

Let £>-qcoh in j denote the full DG-subcategory in £>-qcoh consisting of the 
CDG-modules whose underlying quasi-coherent graded £>-modules are injective. 
Furthermore, let Z3-qcoh fid be the full DG-subcategory in S-qcoh consisting of 
the CDG-modules whose underlying quasi- coherent graded £>-modules have finite 
injective dimension (i. e., admit a finite right resolution by injective quasi-coherent 
graded B- modules). Let D co (i3-qcoh fid ) and D abs (i3-qcoh fid ) denote the corresponding 
derived categories of the second kind. (The difficulty in the definition of the latter 
category, similar to the difficulty in the definition of D co (£>-qcoh ffd ) discussed in 
Section 1.3, does not actually arise, as it is clear from part (a) of the next lemma.) 

Lemma, (a) For any quasi- coherent CDG-algebra B over X , the natural functors 
^(-B-qcoh^j) — > D abs (i3-qcoh fid ) — > D co (i3-qcoh fid ) are equivalences of triangu- 
lated categories. 

(b) Let B be a quasi- coherent CDG-algebra over X whose underlying quasi- coherent 
graded algebra B is Noetherian. Then the functor H°(B-c\coh m) ) — > D co (i5-qcoh) 
induced by the embedding B-qcoh mj — > i3-qcoh is an equivalence of triangulated 
categories. 

Proof. Part (a) is provided by [35, Theorem and Remark in Section 3.6]. Part (b) 
is a particular case of [35, Theorem and Remark in Section 3.7], since the class of 
injective quasi-coherent graded £>-modules is closed under infinite direct sums in its 
assumptions. (Cf. [20, Proposition 2.4].) □ 
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Proposition. Let B be a quasi- coherent CDG-algebra over X such that the quasi- 
coherent graded algebra B is Noetherian and the classes of quasi- coherent graded 
B-modules of finite flat dimension and of finite injective dimension coincide. Then the 
functors D abs (i3-qcoh f |) — y D co (£>-qcoh f |) — y D co (£>-qcoh) induced by the embedding 
£>-qcoh f | — y B-qcoh are equivalences of triangulated categories. 

Proof. Since B-qcoh m = i3-qcoh fid , the isomorphism of categories D abs (i3-qcoh ffd ) = 
D co (£>-qcoh ffd ) follows from part (a) of Lemma. Applying Theorem 1.4, we obtain 
the isomorphism of categories D abs (i3-qcoh f |) — y D co (i3-qcoh f |). Similarly, it suf- 
fices to compare parts (a) and (b) of Lemma in order to conclude that the functor 
coh fid ) — y D co (B— qcoh) is an equivalence of categories, hence so are the func- 
tors D co (£-qcoh fl ) — y D co (i3-qcoh ffd ) — ► D co (£-qcoh). (Cf. [35, Section 3.9].) □ 

1.8. Pull-backs and push-forwards. Let /: Y — y X be a morphism of sep- 
arated Noetherian schemes with enough vector bundles, Bx be a quasi-coherent 
CDG-algebra over X, and By a quasi-coherent CDG-algebra over Y. A morphism 
of quasi- coherent CDG-algebras Bx — > By compatible with the morphism Y — y X 
is the data of a CDG-ring morphism Bx(U) — y By(V) for each pair of affine open 
subschemes U C X and V C Y such that f(V) C U. This data should satisfy 
the obvious compatibility condition: for any affine open subschemes U' C U and 
V C V such that f(V) C U', the square diagram of CDG-ring morphisms between 
the CDG-rings B X (U), B X (U'), B Y (V), and B Y (V) must be commutative. 

Let Bx — > By be a morphism of quasi- coherent CDG-algebras compatible with 
a morphism of schemes Y — y X. Then for any quasi-coherent left CDG-module 
M. over Bx the quasi-coherent graded left module f*Ai = By f~ l M- over 

By has a natural structure of quasi-coherent CDG-module over By. Similarly, for 
any quasi-coherent left CDG-module N over By the quasi-coherent graded left mod- 
ule f*Af over B x has a natural structure of quasi-coherent CDG-module over B X - 
These CDG-module structures are defined in terms of the CDG-ring morphisms 
Bx(U) — y By{V). The above constructions provide the underived direct and inverse 
image functors, which can be viewed as triangulated functors /*: H°(Bx-qcoh) — y 
H°(B Y -qcoh) and /*: H°(B Y -qcoh) — ► H°{B x -qcoh). The functor /* is right ad- 
joint to the functor /*. 

The derived inverse image functor hf* is in general only defined on CDG-modules 
satisfying certain finite flat dimension conditions. Restricting the functor /* to flat 
CDG-modules, we obtain a triangulated functor H°(Bx-qcoh fl ) — y H°(B Y -qcoh fl ) : 
which takes objects coacyclic with respect to B x -qcoh f \ to objects coacyclic with 
respect to j6y-qcoh fl , since the inverse image preserves infinite direct sums and short 
exact sequences of flat quasi- coherent graded modules. Hence there is the induced 
triangulated functor D co (i3x-qcoh f |) — y D co (£>y-qcoh f |). Applying Theorem 1.4(a), 
we construct the derived inverse image functor 

Lf : D co (£ x -qcoh ffd ) ► D co (S y -qcoh ffd ). 

Restricting the functor /* to flat coherent CDG-modules, we obtain a triangu- 
lated functor H°(Bx-cohf\) — y H° (By-coh^) , which induces a triangulated functor 

21 



D abs (i3x-coh f |) — > D abs (i3y-coh f |). Assuming that the quasi-coherent graded alge- 
bras Ex and By are Noetherian and applying Theorem 1.4(c), we construct the 
derived inverse image functor 

Lf: D abs (£ x -coh ffd ) > D abs (£y-coh ffd ). 

When / is an affine morphism, the direct image of quasi-coherent sheaves is an ex- 
act functor (preserving also infinite direct sums), so the functor /* : H° (By-qcoh) — > 
H°(Bx-qcoh) induces a triangulated functor D co (i3y-qcoh) — > D co (i3x-qcoh). To 
construct the derived direct image functor between the coderived categories in the 
general case, we need to use injective resolutions. 

From now on we assume that Bx and By are Noetherian; so Lemma 1.7(b) is ap- 
plicable to By. Restricting the functor /* to the full subcategory H°(B Y -qcoh m j) C 
H°(By-qcoh) and composing it with the localization functor H°(Bx-qcoh) — > 
D co (i3x-qcoh), we obtain the derived direct image functor 

R/* : D co (£y-qcoh) > D co (£ x -qcoh). 

Proposition. The functors Lf* : D abs (£ x -coh fFd ) — > D abs (£y-coh ffd ) and R/*: D co 
(£>y-qcoh) — > D co (i3x-qcoh) are "partially adjoint" to each other in the following 
sense: for any objects A4 G D abs (i3x-cohff d ) andAf G D co (£>y-qcoh) there is a natural 
isomorphism of abelian groups 

Hom D cc (Bx _ qcoh) (i X A^, R/JV) ~ Hom D co (By _ qcoh) (i Y L/*A^, Af), 

where t x : D abs (£ x -coh ffd ) — > D co (i3 x -qcoh) and iy. D abs (-B x -coh fFd ) — > D co 
(£>y-qcoh) are the natural fully faithful triangulated functors. 

Proof. The functors t x and iy are fully faithful by Theorem 1.4(c) and Proposi- 
tion 1.5(b,d). Using Theorem 1.4(c), let us assume that M G D abs (#x-cohfi). We 
can also assume that Af G i/ (£>y-qcoh in j). 

Then the left hand side is the (filtered) inductive limit of Hom^o( Bx _ qcoh )(A^", f*Af) 
over all morphisms A4" — > A4 in iJ°(i3x-qcoh) with a cone coacyclic with respect to 
Bx-qcoh. According to the proofs of Proposition 1.5(b) and [35, Theorem 3.11.1], any 
morphism from M to an object coacyclic with respect to £>x-qcoh factorizes through 
an object absolutely acyclic with respect to £>x~cohf|. Thus the above inductive limit 
coincides with the similar limit taken over all morphisms A4' — > A4 in H°(B x -cohf\) 
with a cone absolutely acyclic with respect to B x -cohf\. 

By [35, Theorem 3.5(a), Remark 3.5, and Lemma 1.3], the right hand side is isomor- 
phic to Hom#o( Bi ,_ qcoh )(/*.M, Af) and to Hom#o( By _ qcoh )(/*.M / , Af), since the objects 
of /J°(i3y-qcoh in j) are right orthogonal to any coacyclic objects in H°(By-qcoh). So 
the assertion follows from the adjointness of the functors /* and /* on the level of 
the homotopy categories of quasi-coherent CDG-modules. □ 

Remark. It is not immediately obvious from the above construction that the derived 
functor R/* is compatible with the compositions, i. e., for g: Z — > Y and /: Y — > 
X one has R(/<7)* c± R/* o Rg^,. The problem is that the direct image functor /* 
does not preserve injectivity of quasi- coherent graded modules in general. When the 
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derived direct image functors are adjoint to appropriately defined derived inverse 
images (see Section 1.9 below for some results of this kind), the problem reduces to 
checking that the derived inverse images are compatible with the compositions, which 
may be easier to see from our definitions. 

One general approach to this problem is to replace injective quasi-coherent graded 
i3-modules with quasi- coherent graded £>-modules that are flabby as sheaves of 
graded abelian groups in our construction of the derived direct images. The class 
of flabby sheaves of abelian groups is closed under infinite direct sums, since the 
underlying topological space of the scheme is Noetherian; it is also always closed 
under extensions and cokernels of injective morphisms. Whenever the quasi-coherent 
graded algebra B is Noetherian, all injective quasi- coherent graded £>-modules are 
flabby by Theorem A. 3. Therefore, the coderived category of flabby quasi-coherent 
CDG- modules over B is equivalent to the homotopy category H° (B-qco\\ mi ) by a 
version of Lemma 1.7(b), hence it is also equivalent to the coderived category of all 
quasi-coherent CDG-modules D co (i3-qcoh) (cf. the proof of Proposition 1.7). 

The direct images preserve exact triples of flabby sheaves, so derived direct images 
can be defined using flabby resolutions. The direct images also take flabby sheaves 
to flabby sheaves, hence the desired compatibility of their derived functors with the 
compositions of scheme morphisms follows. 

Moreover, assuming additionally that the scheme has finite Krull dimension, the 
absolute derived category of flabby quasi-coherent CDG-modules is equivalent to 
D abs (i3-qcoh) by a dual version of Theorem 1.4(b), as the "flabby dimension" of any 
quasi-coherent graded £>-module is finite. This allows to define the derived direct 
images on the absolute derived categories of quasi-coherent CDG-modules (another 
approach to this question is to use the construction from the proof of Proposition 1.9 
below). Notice that all our constructions of derived inverse images are also applicable 
to the categories D abs (£>-qcoh). 

Finally, let us point out that the functor R/* has a right adjoint functor 

f: D co (£ x -qcoh) >■ D co (£y-qcoh). 

Indeed, the triangulated category D co (£>y-qcoh) is compactly generated by Propo- 
sition 1.5(d), and the functor R/* preserves infinite direct sums, since the class of 
injective quasi-coherent graded £>y-modules is closed under infinite direct sums, due 
to Noetherianity of By. So it remains to apply [24, Theorem 4.1]. 

1.9. Morphisms of finite fiat dimension. Let /: Y — > X be a morphism of 
schemes as above, and Bx — > By is a compatible morphism of quasi-coherent 
CDG- algebras. We will say that the quasi-coherent graded algebra By has finite 
flat dimension over Bx if (the left derived functor of) the functor of inverse image /* 
acting between the abelian categories of quasi- coherent graded modules over Bx and 
By has finite homological dimension. Equivalently, for any afline open subschemes 
U C X and V C Y such that f(V) C U the graded right # x (C/)-module B Y (V) 
should have finite flat dimension. 
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A quasi-coherent graded £>x-module is said to be adjusted to f* if its derived 
inverse image under /, as an object of the derived category of the abelian category 
of quasi- coherent graded Sy-modules, coincides with the underived inverse image. 
Denote the DG-category of quasi-coherent CDG-modules over Ex whose underlying 
graded Sx-modules are adjusted to /* by ,Bx-qcohj_ adj . When Ex is Noetherian, 
let £>x-coh/_ a dj denote the similarly defined DG-category of coherent CDG-modules. 
We will use our usual notation for the absolute derived and coderived categories of 
these DG-categories of CDG-modules. 

Lemma. Assume that the quasi- coherent graded algebra Ey has finite flat dimension 
over Ex ■ Then 

(a) the functor D co (i3x-qcohj_ ad j) — > D co (E x -qcoh) induced by the embedding of 
DG-categories i3x-qcohj_ ad j — > Ex~qcoh is an equivalence of triangulated categories; 

(b) the functor D abs (i3x-qcohj_ ad j) — > D abs (£>x-qcoh) induced by the embedding of 
DG-categories Ex-qcohf_ adj — > Ex~qcoh is an equivalence of triangulated categories; 

(c) if Ex is Noetherian, the functor D abs (i3x-coh/_ ad j) — > D abs (Ex-coh) induced 
by the embedding of DG-categories £>x-coh/_ a dj — > Ex-coh is an equivalence of 
triangulated categories. 

Proof. This is a version of Theorem 1.4, provable in the same way (cf. Corollary 2.6 
below). The assertions hold, because any quasi- coherent graded £>x-module has a 
finite left resolution consisting of quasi-coherent CDG-modules adjusted to /*, and 
similarly for coherent CDG-modules. □ 

The functor of inverse image /* : if°(£>x-qcoh) — > H°(Ey-qcoh) takes CDG-mod- 
ules coacyclic with respect to £>x-qcohj_ adj to CDG-modules coacyclic with respect 
to i3y-qcoh, and hence induces a triangulated functor D co (£>x-qcohj_ adj ) — > 
D co (£>y-qcoh). Taking Lemma into account, we construct the derived inverse image 
functor 

Lf* : D co (£ x -qcoh) > D co (£ y -qcoh). 

One shows that this functor is left adjoint to the functor R/* constructed in 1.8 in 
the way analogous to (but simpler than) the proof of Proposition 1.8. 

When Ex and Ey are Noetherian, we construct the derived inverse image functor 

Lf: D abs (i3 x -coh) > D abs (£ y -coh) 

in the similar way. 

Let E°x and £>y P denote the quasi-coherent graded algebras with the opposite mul- 
tiplication to Ex and Ey. 

Proposition. When Ey 9 has finite flat dimension over E°£ , the derived inverse image 
functor L/*: D co (i3x-qcoh ffd ) — > D co (i3y-qcoh ffd ) constructed in 1.8 has a right 
adjoint functor 

Rf,: D co (£ y -qcoh ffd ) > D co (£ x -qcoh ffd ). 
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Proof. Let {U a } be a finite affine covering of Y. To any object Af G £>y-qcoh ffd , 
assign the total CDG-module M.{u a }f*JV of the finite Cech complex 

a f\u a *(J^\u a ) > 0a</3 f\ u a nu p * (J^\u a nu p ) > ••• 

of CDG-modules over Bx- 

The terms of this complex belong to qcoh ffd , since the morphism /|y : V — > X 
is affine and the quasi-coherent graded algebra By 9 has finite flat dimension over 
B°x- So we have M.{ Ua yf*J\f G B x -qcoh ffd ; it is clear that M.{u a yf* is a DG-functor 
£>y-qcoh ffd — > i5x-qcoh ffd taking coacyclic objects to coacyclic objects. Hence we 
have the induced functor R/* between the coderived categories. 

It remains to obtain the adjuction isomorphism 

(M,RfJf) - Hom D (Lf*M,M) 
for A4 G D co (i3 x -q coh ffd ). Denote by A/+ the total CDG-module of the finite complex 
C \u a } M = ( ®Ju a *3uJ^ — > (B a< f}3u a ru fl *3u a nu fi M —►•••) 

of CDG-modules over £>y (where jV : ^ — > Y denotes the embedding of an affine 
open subscheme). Then we have M.{u a jf*J\f ~ /*A/+. There is a natural closed 
morphism M — > J\f+ of CDG-modules over By with the cone coacyclic (and even 
absolutely acyclic) with respect to ,By-qcoh ffd . 

For any CDG-module Q G i3y-qcoh ffd , there is a natural map 

ip: Hom D co (Bx _ qcohffd) (A^,/*Q) > Hom D co( jBy _ qcohffd )(L/*A^, Q). 

Indeed, by (the proof of) Theorem 1.4(a), any morphism Ai — > f*Q in 
coh ffd ) can be represented as a fraction formed by a morphism J\A! — > M. 
in if (jBx _ qcoh ffd ) with J\A! G i3x-qcoh f | and a cone coacyclic with respect to 
£>x~q c °hffd, and a morphism J\A! — > f*Q in H°(Bx-qcoh f{d ). To such a fraction, the 
map tp assigns the related morphism 1Lf*M = f*M' — > Q. 

For a fixed Ai, the map i[) is a morphism of coho mo logical functors of the argument 
Q G -ff°(i3y-qcoh ffd ). Thus in order to show that it is an isomorphism for Q = Af+, 
it suffices to check that it is an isomorphism for Q = jv*V for every affine V C Y 
and V G By |y-qcoh ffd . This follows from the adjunction isomorphism 

f\v*P) — Homp 

and the similar isomorphism for the embedding jv, which hold because the functors 
f\v* and jv* are exact, the morphisms f\v and jv being affine. □ 

Remark. One can also use the above Cech complex approach in order to construct 
a version of the derived functor R/*: D co (i3y-qcoh) — > D c °(B x -qcoh). One can 
check that this construction agrees with the injective resolution construction from 
Section 1.8, using the fact that the restrictions of injective quasi-coherent graded 
£>y-modules to open subschemes are injective (Theorem A. 3). Alternatively, in the 
assumption of finite flat dimension of By over Bx, one checks that both constructions 
provide functors right adjoint to L/*, hence they are isomorphic. 
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This allows to conclude that the derived functors IR/* acting on arbitrary quasi- 
coherent CDG-modules and quasi-coherent CD G- modules of finite flat dimension 
form a commutative diagram with the natural functors from the coderived categories 
of the latter to the coderived categories of the former. 

1.10. Supports of CDG-modules. Let X be a Noetherian scheme. The set- 
theoretic support of a quasi-coherent sheaf M. on X is the minimal closed subset 
T C X such that the restriction of M. to the open subscheme X \ T vanishes. Given 
a Noetherian quasi-coherent graded algebra B over X and a quasi-coherent graded 
i3-module M, the set-theoretic support T = Supp.M of Ai is defined similarly. It 
only depends on the underlying quasi- coherent 0x- m °dule of M.. 

Let B be a quasi-coherent CDG-algebra over X whose underlying quasi- coherent 
graded algebra B is Noetherian. Fix a closed subset T C X. Denote by i3-qcoh T 
the full DG-subcategory in B-c\coh consisting of all the quasi- coherent CDG-modules 
whose underlying quasi- coherent graded £>-modules have their set-theoretic supports 
contained in T. The DG-category B-coh T of coherent CDG-modules with the set- 
theoretic support in T is defined similarly. 

Let D co (i3-qcoh T ) and D abs ( J B-coh^) denote the coderived and the absolute derived 
category of these DG-categories of CDG-modules. Finally, let £>-qcoh T in j denote the 
DG-category of quasi-coherent CDG-modules over B whose underlying quasi-coherent 
graded modules are injective objects of the abelian category of quasi-coherent graded 
£>-modules with the set-theoretic support contained in T. 

Proposition, (a) The functor H° '(£>-qcoh Tin j) — ► D co (i3-qcoh T ) induced by the 
embedding of DG-categories £>-qcoh Tin j — y B-qcoh T is an equivalence of triangulated 
categories. 

(b) The functor D abs (£>-coh T ) — y D co (B-qcoh T ) induced by the embedding of 
DG-categories £>-coh T — y B-qcoh T is fully faithful and its image is a set of compact 
generators of the target category. 

(c) The functor D co (i3-qcoh T ) — y D co (£>-qcoh) induced by the embedding of 
DG-categories £>-qcoh T — y B-qcoU is fully faithful. 

(d) The functor D abs (B-coh T ) — > D abs (i3-coh) induced by the embedding of 
DG-categories £>-coh T — y B-coh is fully faithful. 

Proof. Part (a) is essentially a particular case of [35, Theorem and Remark in Sec- 
tion 3.7]. It is only important here that there are enough injective objects in the 
abelian category of quasi- coherent graded £>-modules supported set-theoretically in T 
and the class of such injective objects is closed under infinite direct sums. This is so 
because the abelian category in question is a locally Noetherian Grothendieck cate- 
gory (since X and B are Noetherian). Part (b) can be proven in the same way as the 
results of [35, Section 3.11]. Part (d) follows from parts (b-c) and Proposition 1.5(d). 

Finally, part (c) follows from part (a), Lemma 1.7(b), and the fact that any in- 
jective object J in the category of quasi-coherent graded £>-modules supported set- 
theoretically in T is also an injective object in the category of arbitrary quasi-coherent 
graded £>-modules. The latter is essentially a reformulation of the Artin-Rees lemma. 
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Indeed, it suffices to check that for any coherent graded i3-module A4 and its 
coherent graded £>-submodule M , any morphism of quasi-coherent graded £>-modules 
0: Af — > J can be extended to A4. Let Z be a closed subscheme structure on the 
closed subset T C X. Then there is an integer n > such that the morphism 
annihilates T^Af (where X z is the sheaf of ideals of the closed subscheme Z). By 
Lemma A. 3, there exists m > such that T^M. DAfc T^Af. Then there exists 
a morphism AAjT^AA — > J of quasi- coherent graded i3-modules supported set- 
theoretically in T which extends the given morphism into J from the quasi- coherent 
graded -B-submodule Af/(1™M H Af) C M/l^M. □ 

Let U C X denote the open subscheme X \ T. 

Theorem, (a) The functor of restriction to the open subscheme D co (i3-qcoh) — > 
D co (i3|[/-qcoh) is the Verdier localization functor by the thick subcategory D co (i3-qcoh T ) 
C D co (£>-qcoh). In particular, the kernel of the restriction functor coincides with the 
subcategory D co (i3-qcoh T ). 

(b) The functor of restriction to the open subscheme D abs (i3-coh) — > D abs (i3|[/-coh) 
is the Verdier localization functor by the triangulated subcategory D ab5 (B-coh T ) c 
D abs (B-coh). In particular, the kernel of the restriction functor coincides with the 
thick envelope of (i. e., the minimal thick subcategory containing) D abs (i3-coh T ) in 
D abs (i3-coh). 

Proof. Let j: U — > X denote the natural open embedding. To prove part (a), con- 
sider the functor Rj* : D co ( J B|[/-qcoh) — > D co (i3-qcoh) as constructed in Section 1.8. 
The quasi-coherent graded algebra B\u being flat over B, the functor Rj* is right ad- 
joint to the restriction functor j* : D co (£>-qcoh) — ► D co (i3|;7-qcoh). Obviously, the 
composition j*Rj* is the identity functor. It follows that the functor j* is a Verdier 
localization functor by its kernel, which is the full subcategory consisting of all the 
cones of the adjunction morphisms M. — > M.j*j*A4, where M. G D co (i3-qcoh). 

Represent the object M. by a CDG-module with an injective underlying quasi- 
coherent graded S-module. By Theorem A. 3, the quasi-coherent graded #|[/-module 
j*A4 is then also injective, so we have M.j*j*M = j*j*A4- Obviously, both the kernel 
and the cokernel of the closed morphism of CDG-modules A4 — > j*j*A4 belong to 
£>-qcoh T , and it follows, in view of part (c) of Proposition, that the cone also belongs 
to D co (£-qcoh T ). 

To prove part (b), notice first that any coherent CDG-module over B\u can be ex- 
tended to a coherent CDG-module over B (because a coherent sheaf /C on U can be 
extended to a coherent subsheaf of j*/C), so the restriction functor is essentially surjec- 
tive. Taking this observation into account, part (b) follows from part (a), part (b) of 
the above Proposition, Proposition 1.5(d), and the standard results about localization 
of compactly generated triangulated categories [23, Lemma 2.5 to Theorem 2.1]. □ 

Define the category-theoretic support supp A4 of a quasi-coherent CDG-module A4 
over B as the minimal closed subset T G X such that the restriction A4\u of A4 to 
the open subscheme U = X\T is a coacyclic CDG-module over B\u- In other words, 
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X \ supp Ai is the union of all open subschemes V C X such that Ai \y is a coacyclic 
CDG-module over B\y (see Remark 1.3). Obviously, one has supp Ai C Supp Ai. 

The category-theoretic support of a coherent CDG-module Ai over B can be equiv- 
alently defined as the minimal closed subset T C X such that the restriction Ai\u of 
to the open subscheme [/ = X \ T is absolutely acyclic. Indeed, any CDG-module 
from £>|t/-coh that is coacyclic with respect to £>|;y-qcoh is also absolutely acyclic 
with respect to £>|t/-coh by Proposition 1.5(d). 

Corollary, (a) For any quasi- coherent CDG-module Ai over B with the category- 
theoretic support supp Ai contained in T, there exists a quasi- coherent CDG-module 
At' over B such that Ai is isomorphic to At' in D co (i3-qcoh) and the set-theoretic 
support Supp Ai' is contained in T. 

(b) For any coherent CDG-module Ai over B with the category-theoretic support 
supp Ai contained in T , there exists a coherent CDG-module Ai' over B such that 
Ai is isomorphic to a direct summand of Ai' in D abs (i3-coh) and the set-theoretic 
support Supp At' is contained in T. 

Proof. Follows immediately from Theorem. □ 

Remark. One can prove that the restriction functor in part (a) of Theorem is a 
Verdier localization functor without assuming the quasi-coherent graded algebra B 
to be Noetherian. Indeed, one can construct a right adjoint functor Rj* to the 
restriction functor j* in the way similar to that of Proposition 1.9; then it is easy to 
see that is the identity functor. 

When B is Noetherian, the above Theorem can be generalized as follows. Let 
S and T be closed subsets in X; set U — X \ T. Then the restriction func- 
tor D co (£-qcoh 5 ) — > D co (B\ i/—qcoh UnS ) is the Verdier localization functor by the 
thick subcategory D co (i3-qcoh Tn5 ), and the restriction functor D abs (i3-cohs) — > 
D abs (i3|[/-coh;7 n 5) is the Verdier localization functor by the triangulated subcategory 
D abs (B-coh TnS ). The proof is similar to the above. 

It is not difficult to deduce from the latter results that the property of an object 
of D co (i3-qcoh) to belong to the thick envelope of D abs (£>-coh) is local in X. Using 
the Cech exact sequence as in Remark 1.3, one can easily see that the property 
of an object of D abs (i3-qcoh) to belong to D abs (i3-qcoh f |) is also local. We do not 
know whether the property of an object of D abs (£>-coh) or D abs (£>-qcoh f |) to belong 
to D abs (£-coh f |) is local, though (cf. Remark 2.13). 

2. Triangulated Categories of Relative Singularities 

2.1. Relative singularity category. Recall that X denotes a separated Noether- 
ian scheme with enough vector bundles. The triangulated category of singularities 
D b Sing (X) of the scheme X is defined [27, Section 1.2] as the quotient category of the 
bounded derived category D b (X-coh) of coherent sheaves on X by its thick subcat- 
egory Perf(X) of perfect complexes on X. 
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The perfect complexes, in our assumptions, can be simply defined as bounded 
complexes of locally free sheaves of finite rank, so Perf(X) = D b (X-coh|f) is the 
bounded derived category of the exact category X-coh| f of locally free sheaves of 
finite rank on X. Equivalently, the perfect complexes are the compact objects of the 
unbounded derived category of quasi- coherent sheaves D(X-qcoh) on the scheme X 
[24, Examples 1.10-1.11 and Corollary 2.3]. 

Let Z C X be a closed subscheme such that Oz has finite flat dimension as 
an Ox-module. In this case the derived inverse image functor hi* for the closed 
embedding % : Z — > X acts on the bounded derived categories of coherent sheaves, 
D b (X-coh) — > D b (Z-coh). We call the quotient category of D b (Z-coh) by the thick 
subcategory generated by the objects in the image of this functor the triangulated 
category of singularities of Z relative to X and denote it by D b Sing (Z/X). 

Note that the triangulated category of relative singularities D b ing (Z/X) is a quo- 
tient category of the conventional (absolute) triangulated category of singularities 
D b Sing (Z) of the scheme Z. Indeed, the thick subcategory Perf(Z) C D b (Z-coh) is 
generated by any ample family of vector bundles on Z, since any such family is a set 
of compact generators of the unbounded derived category of quasi- coherent sheaves 
D(Z-qcoh) on Z [24]; in particular, it is generated by the restrictions to Z of vector 
bundles from X (see also Lemma 2.8). 

The functor hi*: D b (X-coh) — > D b (Z-coh) induces a triangulated functor 
i° : D b Sing (X) — > D b Sing (Z). Furthermore, since the sheaf i*Oz belongs to Perf(X), 
the functor i*: D b (Z-coh) — > D b (X-coh) takes Perf(Z) to Perf(X) (cf. [27, 
paragraphs before Proposition 1.14]). Hence the functor i* induces a triangulated 
functor i a : D b Sing (Z) — > D b Sing (X) right adjoint to i°. The triangulated category 
D b Sing (Z / X) is the quotient category of D b Sing (Z) by the thick subcategory generated 
by the image of the functor i°. 

When X is regular, any coherent sheaf on X has a finite resolution by locally free 
sheaves of finite rank. So D b Sing (X) = 0, hence the triangulated categories D b Sing (Z) 
and D b Sing (Z / X) coincide. The converse is also true: the structure sheaf of the reduced 
scheme structure on the closure of any singular point of X is not a perfect complex 
on X, so D b Sing (X) ^ when X is not regular. 

Remark. Roughly speaking, the triangulated category of relative singularities 
D b Sing (Z j X) measures how much worse are the singularities of Z compared to the 
singularities of X in a neighborhood of Z. 

The basic formal properties of D b Sing (Z / X) are similar to those of D b Sing (Z). When 
the Ox-module Oz has finite flat dimension, the derived category D b (X-coh) is gener- 
ated by coherent sheaves adjusted to i*. Let E^/x denote the minimal full subcategory 
of the abelian category of coherent sheaves on Z containing the restrictions of such co- 
herent sheaves from X and closed under extensions and the kernels of epimorphisms of 
sheaves. Then E z /x is naturally an exact category and its bounded derived category 
D b (E^/x) is equivalent to the thick subcategory of D b (Z-coh) generated by the de- 
rived restrictions of coherent sheaves from X, so D b Sing (Z / X) = D b (Z-coh)/D b (E z /x)- 
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One can define the E-homological dimension of a coherent sheaf (or bounded com- 
plex) on Z as the minimal length of a left resolution consisting of objects from Ez/x- 
This dimension does not depend on the choice of a resolution (in the same sense as 
the conventional flat dimension doesn't). The thick subcategory D b (Ez/x) consists 
of those objects of D b (Z-coh) that have finite E-homological dimensions. 

Unlike in the case of perfect complexes, we do not know whether the property to 
belong to Ez/x or D h (Ez/x) is local, though. In the case when Z is a Cartier divisor, 
locality can be established using Theorem 2.7 below and Remark 1.3. 

2.2. Matrix factorizations. Following [31], we will consider matrix factorizations 
of a global section of a line bundle. So let £ be a line bundle (invertible sheaf) on X 
and w G £(X) be a fixed section, called the superpotential. 

Let B = (X, C, w) denote the following Z-graded quasi-coherent CDG-algebra 
over X. The component B n is isomorphic to £® n / 2 for n G 2Z and vanishes for 
n G 2Z+1, the multiplication in B being given by the natural isomorphisms H® n l 2 ®o x 
£®m/2 — y £®(n+m)/2_ p Qr an y a fg ne Q p en subscheme U C X, the differential on B(U) 
is zero, and the curvature element is w\u G B 2 (U) = C(U). The elements auv defining 
the restriction morphisms of CDG-rings B{V) — > B{U) all vanish. 

The category of quasi-coherent Z-graded £>-modules is equivalent to the category 
of quasi- coherent Z/2-graded Ox-modules, the equivalence assigning to a graded 
B- module M. the pair of Ox-modules which we denote symbolically by U° = M° and 
u i £®i/2 = j vji i Conversely, M n ~ U n mod 2 ® Qx £® n / 2 for all n G Z (the meaning 
of the notation in the right hand side being the obvious one). This equivalence of 
abelian categories preserves all the properties of coherence, flatness, flat dimension, 
local projectivity/localy freeness, etc. that we have been interested in in Section 1. 

Following [20], we will consider CDG-modules over B = (X, C, w) whose underlying 
graded £>-modules correspond to coherent or quasi- coherent Ox-modules, rather than 
just locally free sheaves (as in the conventional matrix factorizations). A quasi- 
coherent CDG-module over (X, £, w) is the same thing as a pair of quasi-coherent 
Ox-modules U° and U 1 <g> endowed with Ox-linear morphisms U° — > U 1 ® 

C® 1/2 and U l <g> C m/2 — > U° ®o x C such that both compositions U° — > U 1 <g> 
£®i/2 _^ uo ® 0x c and U 1 ® C m l 2 — >• U° ® Qx C^U 1 ® Cx £® 3/2 are equal to 
the multiplications with w. 

2.3. Exotic derived categories of matrix factorizations. The following corol- 
lary is a restatement of the results of Section 1 in the application to the quasi- coherent 
CDG-algebra B = (X, C, w). We will use the notation (X, £, iu)-coh|f (instead ot the 
previously introduced £>-coh f |) for the DG-category of locally free matrix factoriza- 
tions of finite rank, and the notation (X, C, w)-qcoh !f (instead of the previously intro- 
duced £>-qcoh| ) for the DG-category of locally free matrix factorizations of possibly 
infinite rank (see Remark 1.4). The rest of our notation system for various classes of 
quasi- coherent CDG-modules over B = (X, £, w) remains in use. 

In addition, we also denote by (X, £, u>)-qcoh| fd the DG-category of quasi- coherent 
CDG-modules of finite locally free/locally projective dimension over (X,C,w) (see 
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Remark 1.4 again). Let D co ((X, £, w)-qcoh !fd ) and D abs ((X, £, w)-qcoh !fd ) be the 
corresponding derived categories of the second kind. 

Corollary, (a) The functor D co ((X, £, w)-qcoh f! ) — > D co ((X, £, w)-qcoh ffd ) induced 
by the embedding of DG- categories (X, £, u>)-qcoh f | — > (X, £, w)-qcoh fFd is an equiv- 
alence of triangulated categories. 

(b) The functor D abs ((X, £, w)-qcoh fl ) — > D abs ((X, £, w)-qcoh ffd ) induced by the 
embedding of DG-categories (X, £, w)-qcoh fi — > (X, £, u>)-qcoh ffd is an equivalence 
of triangulated categories. 

(c) The functors D co ((X, £, w)-qcoh, f ) — > D co ((X, £, w)-qcoh lfd ) and D abs ((X,£, 
w)-qcoh| f ) — > D abs ((X, £, w)-qcoh !fd ) induced by the embedding of DG-categories 
(X, £, w)-qcoh| f — > (X, £, w)-qcoh| fd are equivalences of triangulated categories. 

(d) The triangulated categories D co ((X, C, w)-qcoh !f ) and D abs ((X, £, w)-qcoh !f ) 
coincide, as do the categories D co ((X, £, w)-qcoh| fd ) and D abs ((X, £, w)-qcoh| fd ). The 
natural functors between these four categories form a commutative square of equiva- 
lences of triangulated categories. 

(e) When the scheme X has finite Krull dimension, the functors D co ((X, £,w) 
-qcoh, f ) — > D co ((X,£,w)-qcoh fl ) and D abs ((X, £, w)-qcoh lf ) — > D abs ((X,£,w) 
-qcoh fl ) induced by the embedding of DG-categories (X, £, w)-qcoh if — > (X,£,w) 
-qcoh fl are equivalences of triangulated categories. The natural functors between these 
four categories form a commutative square of equivalences. 

(f) When the scheme X has finite Krull dimension, the triangulated category 

, w)— qcohfl) coincides with D abs ((X, £, w)— qcoh f |) and the triangulated cate- 
gory D co ((X, £, w)-qcoh ffd ) coincides with D abs ((X, £, w)-qcoh ffd . The natural func- 
tors between these four categories form a commutative square of equivalences. 

(g) The functor D abs ((X, £, w)-coh, f ) — > D abs ((X, £, w)-coh ffd ) induced by the 
embedding of DG-categories (X, £, iu)-coh|f — > (X, £, w)-coh fFd is an equivalence of 
triangulated categories. 

(h) The triangulated functors D abs ((X, £, w)-qcoh, f ) — > D abs ((X, £, w)-qcoh f |) 
— > D abs ((X, £, u>)-qcoh) induced by the embeddings of DG-categories (X,£,w) 
-qcoh| f — > (X, £, u»)-qcoh f | — > (X, £,w)-qcoh) are fully faithful. 

(i) The triangulated functor D abs ((X, £, w)-coh]f) — > D abs ((X, £, w)-coh) induced 
by the embedding of DG-categories (X, £,w)-coh\f — > (X, £, iu)-coh is fully faithful. 

(j) The triangulated functor D abs ((X, £, w)-coh|f) — > D co ((X, £, w)-qcoh !f ) in- 
duced by the embedding of DG-categories (X, £,w)-coh\f — > (X, £,w)-qcoh if is fully 
faithful. 

(k) The triangulated functor D abs ((X, £, w)-coh) — > D abs ((X, £, w)-qcoh) induced 
by the embedding of DG-categories (X, £, iu)-coh — > (X, £, w)-qcoh is fully faithful. 

(1) The triangulated functor D abs ((X, £, w)-coh) — > D co ((X, £, w)-qcoh) induced 
by the embedding of DG-categories (X, £, w)-coh — > (X, £, u>)-qcoh is fully faithful 
and its image forms a set of compact generators for D co ((X, £, w)-qcoh). 

Proof. Parts (a-b) and (g) are particular cases of Theorem 1.4, and the proof of 
part (c) is similar (see Remark 1.4). Part (g) also essentionally follows from Proposi- 
tion 1.5(b) (and part (b) can be proven similarly). Parts (h-i) and (k-1) are particular 

31 



cases of Proposition 1.5 (except for "locally free half" of part (h), which is similar to 
the "flat half"). Part (d) is Theorem 1.6 together with part (c). Part (j) is Corol- 
lary 1.6. Part (e) follows from parts (a-c) and Remark 1.4 (cf. the discussion in the 
end of Section 1.6). Part (f) follows from parts (a-b) and (d-e); alternatively, it can be 
proven directly in the way similar to part (d), using the fact that the exact category 
of flat quasi-coherent sheaves on X has finite homological dimension when the Krull 
dimension of X is finite. □ 

2.4. Regular and Gorenstein scheme cases. When the scheme X is regular or 
Gorenstein, the assertions of Corollary 2.3 simplify as follows. 

Corollary, (a) When the scheme X is Gorenstein of finite Krull dimension, the 
functors D abs ((X, C, w)-qcoh fl ) — ► D co ((X, C, w)-qcoh fl ) — ► D co ((X, £, w)-qcoh) 
induced by the embedding of DG-categories (X, £, u>)-qcoh f | — > (X, £, w)-qcoh are 
equivalences of triangulated categories. 

(b) When the scheme X is regular of finite Krull dimension, the natural functors 
between the categories D abs ((X, £, w)-qcoh fl ), D co ((X, C, w)-qcoh fl ), D abs ((X, £, w) 
-qcoh), and D co ((X, C, w)-qcoh) form a commutative square of equivalences of tri- 
angulated categories. 

(c) When the scheme X is regular, the natural functor D abs ((X, C, w)-coh|f) — > 
D abs ((X, £, w)-coh) is an equivalence of triangulated categories. 

Proof. Part (a) is a particular case of Proposition 1.7. Part (c) follows from 
Corollary 2.3(g), since any coherent sheaf on a regular scheme has finite flat di- 
mension. In the assumptions of part (b), the functor D abs ((X, £, w)-qcoh) — > 
D co ((X, C, u>)-qcoh) is an isomorphism of triangulated categories by [35, Theo- 
rem 3.6(a) and Remark 3.6], since the abelian category of quasi-coherent sheaves 
on a regular scheme of finite Krull dimension has finite homological dimension and 
enough injectives (cf. Theorem 1.6). The remaining assertions of part (b) follow 
from Corollary 2.3(a-b), or alternatively from part (a). □ 

Assuming that X has finite Krull dimension, the assertions of Corollaries 2.3-2.4 
may be summarized by the following commutative diagram of triangulated functors. 
Here, as above, B denotes the quasi- coherent CDG-algebra (X,C,w): 



D abs (£-coh| f ) 



D abs (£-coh fFd ) 



when X regular 



D co=abs ( £_ qcoh|fd) 

D co=abs (£-qcoh lf ) = D co=abs (£-qcoh fFd ) 

D co=abs ( g_ qcohf|) 



when X 
regular 



D abs (£-qcoh) 



abs 




(B-coh) 



comp. 
gener. 



> D co (S-qcoh) 



when X 
regular 
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The four categories in the left lower area are coderived categories coinciding with 
absolute derived categories (of the same classes of quasi-coherent CDG-modules). 
The five double lines between these four categories are equivalences, as is the upper 
left horizontal line. All the arrows going down are fully faithful functors. The image 
of the rightmost vertical arrow is a set of compact generators in the target category. 
The only arrow going up is a Verdier localization functor. 

Nothing is claimed about the long horizontal arrow in the right lower area of 
the diagram in general; but when X is Gorenstein, this functor is an equivalence of 
categories. When X is regular, all the arrows going right are equivalences of categories 
(so the whole diagram reduces to one triangulated category with infinite direct sums, 
containing a full triangulated subcategory of compact generators). 

Recall also that, by Lemma 1.7, for any X we have a commutative diagram of 
triangulated functors 

tf°(£-qcoh inj ) _ D c °= abs (£-qcoh fid ) ^^^^^^^^= D co (£-qcoh) 




D abs (£-qcoh) 



with equivalences of categories in the upper line. The fully faithful embedding 
D abs (£-qcoh fid ) — > D abs (£-qcoh), which in the Gorenstein case (of finite Krull di- 
mension) coincides with the embedding D abs ( J B-qcoh fFd ) — > D abs (i3-qcoh), is always 
right adjoint to the localization functor D abs (i3-qcoh) — > D co (i3-qcoh). 

Remark. When X is an afline Noetherian scheme of finite Krull dimension, the em- 
beddings of DG-categories (X, £, w)-qcoh| p — > (X, £, w)-qcoh f | — > (X, C, w)-qcoh) 
induce equivalences H°(B-qcoh lp ) ~ D abs (i3-qcoh f |) ~ D ctr (i3-qcoh) between the ho- 
motopy category of (locally) projective matrix factorizations of infinite rank, the ab- 
solute derived category of flat matrix factorizations, and the contraderived category of 
arbitrary quasi-coherent matrix factorizations (see [35, Section 3.8]; cf. Remark 1.5). 

2.5. Serre— Grothendieck duality. The aim of this section is to show that the 
somewhat misterious long horizontal arrow in the above large diagram is actu- 
ally a functor between two equivalent triangulated categories, for a rather wide 
class of schemes X. The functor D co ((X, £, w)-qcoh f |) — > D co ((X, £, w)-qcoh) 
in the above diagram, which is induced by the embedding of DG-categories 
(X, £, w)-qcoh f | — > (X, C, u>)-qcoh, is not the equivalence that we have in mind, 
however (unless the scheme is Gorenstein). Instead, the equivalence between the 
categories D co ((X, £, w)-qcoh f |) and D co ((X, C, u>)-qcoh) is constructed using a 
dualizing complex on X [12, Section V.2]. 

Before recalling the definition of a dualizing complex, let us discuss the notion of 
the quasi- coherent internal Horn. Given quasi- coherent sheaves M. and M over X, the 
quasi-coherent sheaf "H omx-qc ( M. , A/") is defined by the isomorphism Home> x (— ®o x 
JH, A/") ~ Homo J{ (- , "H omx-qc AT)) of functors from the category of quasi- 
coherent sheaves to the category of abelian groups. Equivalently, the quasi- coherent 
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sheaf r Hom X -q C (Ai,Af) can be obtained by applying the coherator functor [39, Sec- 
tions B.12-B.14] to the sheaf of (9x- m odules T-lomo x (Ai,Af). Whenever Ai is a co- 
herent sheaf, the sheaf %omo x {M-,M) of 0x- m odule internal Horn is quasi-coherent, 
and Hom X -qc(M,Af) ~ Hom 0x (M,Af). 

Notice that the construction of the sheaf V,om X -qc(Ai,Af) is not local in general, 
i. e., it does not commute with the restrictions of quasi- coherent sheaves to open 
subschemes; when the sheaf Ai is coherent, it does. 

Lemma, (a) For any injective quasi- coherent sheaf J over a separated Noetherian 
scheme X , the functor Ai i — > 1-Lom x-q C {Ai, <J) is exact. 

(b) For any flat quasi- coherent sheaf T and injective quasi- coherent sheaf J over 
X, the quasi- coherent sheaves T ®o x 3 an( ^ ^ om x-qc (J 7 , J) ar & injective. 

(c) For any injective quasi- coherent sheaves J' and J over X , the quasi- coherent 
sheaf 1-Lomx-qci.J' , J) is flat. 

Proof. The second assertion of part (b) is obvious from the universal property defining 
T-Lomx-qc- To prove the first one, notice that injectivity of quasi-coherent sheaves over 
a Noetherian scheme is a local property ([12, Lemma II. 7.16 and Theorem II. 7. 18] or 
Theorem A. 3), a flat quasi-coherent sheaf over an afline scheme is a filtered inductive 
limit of locally free sheaves of finite rank [3, No. 1.5-6], and injectivity of modules 
over a Noetherian ring is preserved by filtered inductive limits. 

The proof of parts (a) and (c) follows the argument in [21, Lemma 8.7]. Choose 
a finite afline covering U a of the scheme X and consider the morphism J — > 
(& a ju a *3u a ^- Being an embedding of injective quasi-coherent sheaves, it splits, 
so J is a direct summand of the direct sum of jv a *3\j a 3 " • Hence it suffices to prove 
both assertions in the case when J = jv*J" ', where J" is an injective quasi-coherent 
sheaf on an afline open subscheme V C X. 

Now we have Homx-qdM, jv*J") — jv* ^Hom v _ qc (j v M, J"). Since V — > X is a 
flat affine morphism, the functor jy* is exact and preserves flatness of quasi-coherent 
sheaves. This proves part (a), and reduces part (c) to the case of an afline scheme 
X = V. Then it remains to apply [5, Proposition VI. 5. 3]. □ 

For our purposes, a dualizing complex T>' x on X is a finite complex of injective quasi- 
coherent sheaves such that the cohomology sheaves of T>' x are coherent and for any 
coherent sheaf Ai over X the natural morphism of finite complexes of quasi-coherent 
sheaves Ai — > Homx-q C ('Homx-qc(Al,'D x ),V x ) is a quasi-isomorphism. Note that 
it follows from the former two conditions on T>' x that the complex "Homx- qc (-A / f, T>' x ) 
has coherent cohomology sheaves. This makes the conditions imposed on T>' x actually 
local in X, so the restriction V' v = V x \ v of the complex of sheaves V' x to an open 
subscheme U C X is a dualizing complex on U. 

Given a quasi-coherent CDG-algebra B over X, a quasi- coherent left CDG-module 
Ai over B, and a complex of quasi- coherent sheaves T* on X, one can consider the 
complexes of quasi-coherent left CDG-modules J 7 * ®o x M. and Homx-qdJ 7 ' , Ai) 
over B. Taking their totalizations (formed, if necessary, by taking infinite direct 
sums along the diagonals), one constructs two triangulated functors if°(£>-qcoh) — > 
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H° (i3-qcoh) depending on a complex J 7 *. Given a right CDG-module M over B 
(see [35, Sections 3.1 and B.l]), one can similarly construct a complex of quasi- 
coherent left CDG-modules l-lomx-qc(N, J 7 *) over B, obtaining a triangulated functor 
from the homotopy category of right CDG-modules H°(qcoh-B) to if°(£>-qcoh). 

In the particular case of matrix factorizations, we conclude that the covariant func- 
tors J 7 * ®o x ~ an d H omx-qc {J 7 * , —) take quasi-coherent matrix factorizations of a 
potential w G C(X) to (complexes of) quasi- coherent matrix factorizations of w, while 
the contravariant functor 'Homx_ qc (-,J :, ) transforms quasi- coherent matrix factor- 
izations of the opposite potential — w G C(X) into (complexes of) quasi-coherent 
matrix factorizations of w. Of course, the quasi-coherent CDG-algebras (X, C, w) 
and (X, C, —w) over a scheme X are naturally isomorphic, but we prefer to keep the 
distinction between the two. 

The next proposition provides the matrix factorization version of the conven- 
tional (contravariant) Serre-Grothendieck duality for bounded complexes of coherent 
sheaves. We assume that X is a separated Noetherian scheme with a dualizing com- 
plex T>' x . Recall that any such scheme has finite Krull dimension [12, Corollary V.7.2]. 

Proposition. The triangulated functor Homx_ qc (-,Dj): H°((X, C, — w)-qcoh) — > 
H°((X, C, u>)-qcoh) induces a well-defined triangulated functor D abs ((X, C, — u>)-qcoh 
— > D abs ((X, £, w)-qcoh) taking the full triangulated subcategory D abs ((X, £, — w) 
-coh) C D abs ((X, C, -w)-qcoh) into the full subcategory D abs ((X, C, w)-coh) C 
D abs ((X, C, w)-coh) . The composition of the duality functors D abs ((X, C, w)-coh) — > 
D abs ((X,£, -w)-coh) — > D abs ((X,£,w)-coh) is the identity functor. 

Proof. The functor Homx-q C {—,'D x ) preserves absolute acyclicity, because T)* x is a 
complex of injective quasi-coherent sheaves, so part (a) of Lemma applies. Given 
a coherent matrix factorization Ai, the finite complex of matrix factorizations 
U om,x-qc( — j D*x) h as coherent cohomology matrix factorizations, so one can use its 
canonical truncations in order to prove by induction that its totalization belongs to 
the triangulated subcategory D abs ((X, C, w)-coh). 

Finally, for any quasi-coherent matrix factorization Ai consider the bicomplex of 
matrix factorizations Womx-qc{Womx-qc{M.,V x ),V x ) and take its totalization in 
the two directions where it is a complex, obtaining a complex of matrix factoriza- 
tions. Then there is a natural morphism of finite complexes of matrix factorizations 
Ai — > 7iomx-qc(% om x-qc{-M,T> x ),V x ), which is a quasi-isomorphism of com- 
plexes of matrix factorizations when M. is coherent. The induced closed morphism of 
the total matrix factorizations is an isomorphism in D abs ((X, £, w)-qcoh), since the 
totalization of a finite acyclic complex of matrix factorizations is absolutely acyclic. It 
remains to use the fact that the functor D abs ((X, £, w)-coh) — > D abs ((X, £, w)-qcoh) 
is fully faithful (see Corollary 2.3(k)) again. □ 

The next result is our covariant Serre-Grothendieck duality theorem for matrix fac- 
torizations. It is the matrix factorization analogue of the similar results for complexes 
of projective and injective modules [15, Theorem 4.2] and sheaves [21, Theorem 8.4]. 
It also strongly resembles the derived comodule-contramodule correspondence theory 
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(see [35, Theorem 5.2], [34, Corollaries 5.4 and 6.3]; cf. Remark 2.4 above). Notice 
that our proof is more akin to the arguments in [35, 34] than those of [15, 21] in that 
we give a direct proof of the covariant duality independent of both the contravariant 
duality and any descriptions of the compact objects in the categories to be compared. 

Theorem. The functors V' x ® 0x - : #°(((X, £, w)-qcoh fl ) — > H°((X, C, w)-qcoh inj ) 
and W.om X -qc('D' x , — ) : H°((X, C, u?)-qcoh in j) — > if°((X, C, w)-qcoh f ,) induce mu- 
tually inverse equivalences between the coderived categories D co ((X, C, w)-qcoh f! ) and 
D co ((X,£,w)-qcoh). 

Proof. Recall that H°((X, C, w)-qcoh inj ) ~ D co ((X, £, w)-qcoh) by Lemma 1.7(b) 
and D abs ((X,£,w)-qcoh fl ) = D co ((X, C, w)-qcoh fl ) by Corollary 2.3(f) (though we 
will reprove the latter fact rather than use it in the following argument; see also Re- 
mark 2.6 below and Lemma A. 1). The functor V' x ®o x ~~ : H°{((X, £, w)-qcoh fl ) — > 
H°((X, C, w)-qcoh in j) obviously takes matrix factorizations coacyclic with respect to 
(X, C, u>)-qcoh f | to matrix factorizations coacyclic with respect to (X, C, u>)-qcoh in j, 
which are all contractible. It remains to check that the induced functors are mutually 
inverse. 

Let S be a matrix factorization from (X, C,w)-qcoh fi . As in the previous proof, 
consider the bicomplex of matrix factorizations Homx-q C ('D x , T>\ ®o x £) an d 
take its total complex of matrix factorizations. Then there is a natural morphism 
£ — > r Homx-q C ( y 'D x , V' x ®o x °f finite complexes of matrix factorizations from 
(X, C, w)-qcoh f |. To prove that the induced morphism of the total matrix factoriza- 
tions is an isomorphism in D co ((X, C, w)-qcoh| f ), we once again use the fact that the 
totalization of a finite acyclic complex of matrix factorizations is absolutely acyclic. 
So it suffices to check that for any flat quasi-coherent sheaf J 7 over X the natural 
morphism T — > TLomx-qc^x-i V' x ®o x F) * s a quasi-isomorphism of complexes of 
flat quasi-coherent sheaves. This will be done below. 

Similarly, let M. be a matrix factorization from (X, C, w)-qcoh in j. Consider the 
morphism of finite complexes of injective matrix factorizations T>' x ®o x Honix-qc 
(T) X ,A4) — > M.. To prove that the cone of the induced morphism of the total 
matrix factorizations is contractible, it suffices to check that for any injective quasi- 
coherent sheaf J over X the natural morphism of complexes of injective sheaves 
D' x ®o x 7~Lom,x-qc{'Dxi 3) — ^ J7" is a quasi-isomorphism. 

Let "D x denote a finite complex of coherent sheaves over X endowed with a 
quasi-isomorphism 'V x — > T>' x . Then the morphism 'Homx_ q[ (Dj, V' x ®o x J 7 ) — > 
Homx-qc(''D x , V x <S>o x J~) ls a quasi-isomorphism for any flat quasi- coherent 
sheaf J 7 . The construction of the composition J 7 — > TLomx-qciPxi ^x ®o x J~) — > 
TLom X -qci!T^xi ®o x J 7 ) is local in X, so it suffices to check that the composition 
is a quasi-isomorphism when X is affine. Then, using the passage to the filtered 
inductive limit, we may assume that T is locally free of finite rank, and further that 
7 = O x . It remains to recall that the morphism Ox — ^ Howix-qcC'Dxi'Dx) is a 
quasi-isomorphism by the definition of T>' x . 

Let "T>' x be a bounded above complex of flat quasi-coherent sheaves mapping quasi- 
isomorphically to 'T> x . Then for any injective quasi- coherent sheaf J over X there 
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are quasi-isomorphisms "V x ® Qx %omx-qc(Pxi J) — > D x ®o x 'H- om x-qc('D x , J) 
and "V' x ®o x 7~Lom X -qc(D x , J) — y "^'x ®o x 'Homx-qcC'D 5o J) forming a commuta- 
tive diagram with the evaluation morphisms into J . Hence it remains to check that 
the morphism "V' x ®o x % om 'X-qc( / £ , 3o 3") — * 3 is a quasi-isomorphism, which is a 
local question. Assume futher that "V x is a bounded above complex of locally free 
sheaves of finite rank. Then there is a natural isomorphism of complexes of sheaves 
"V' x ®o x 'Hom X - q c( y "D x , J) ~ Uom X - q c('Homx- q c( y "'D x , f V x ), J). The related mor- 
phism Womx-qc{7-Lom X -qc(!''Dxi '^x)i <?) — * 3 * s induced by the natural morphism 
of complexes O x — > W,omx- qc ("'D x ,'V x ). The latter is again a quasi-isomorphism 
essentially by the definition of V' x . □ 

From this point on we resume assuming that X has enough vector bundles. 

Notice that the equivalence functor V\ ®o x —'■ D co ((X, £, w)-qcoh| f ) — > 
D co ((X, £, w)-qcoh) that we have constructed takes the full triangulated sub- 
category D abs ((X, £, w)-coh|f) C D co ((X, £, w)-qcoh !f ) into the full triangulated 
subcategory D abs ((X, £, w)-coh) C D co ((X, £, w)-qcoh). This is so because the 
dualizing complex T>' x has bounded coherent cohomology sheaves. 

Now we will use the above Proposition and Theorem in order to construct compact 
generators of the triangulated category D co ((X, £, w)-qcoh, f ) (cf. [16, 26]). 

Consider the abelian category Z°((X, £, — w)-coh) of coherent matrix factoriza- 
tions of — w and closed morphisms of degree between them, and its exact subcat- 
egory of locally free matrix factorizations of finite rank Z°((X, £, — iu)-coh|f). The 
natural functor between the bounded above derived categories of our abelian cate- 
gory and its exact subcategory D~(Z°((X, £, — w)-coh|f) — > D~(Z°((X, £, — w)-coh) 
is an equivalence of triangulated categories. 

The vector bundle duality functor 'Homx-qc(—,Ox)- Z°((X, £, — u>)-coh|f) op — > 
Z°((X, £, w)-coh|f) induces a triangulated functor D~(Z°((X, £, — u>)-coh| f ) op — > 
D + (Z°(X, £, w)-coh|f) taking bounded above complexes to bounded below ones. Here 
D op denotes the opposite category to a category D. 

Let D + (Z°((X, £, w)-qcoh !f )) denote the bounded below derived category of the 
exact category of locally free matrix factorizations of possibly infinite rank. Since the 
bounded below acyclic complexes over any exact category with infinite direct sums 
are coacyclic [34, Lemma 2.1], there is a well-defined, triangulated totalization functor 
D + (Z°((X, £, tu)-qcoh| f )) — > D co ((X, £, w)-qcoh !f ). Consider the composition 

Z°{{X,£,-w)-coh) op > D~(Z°{{X,£,-w)-coh)) op 

~ D-(Z°(X,£,-«;)-coh| f )) op > D+(Z°(X,£,w)-coh| f )) ► 

D + (Z°(X,C,w)-qcoh w ) > D co ((X, £, w)-qcoh lf ), 

where two of the functors are the duality and the totalization discussed above, while 
the other two are the natural embedding and the functor induced by such. 

One easily checks that this composition takes cones of closed morphisms in 
Z°((X, £, — w)-coh) to cocones in D co ((X, £, w)-qcoh !f ), hence induces a triangu- 
lated functor H°((X,£,-w)-coh) op — ► D co ((X, £, w)-qcoh, f ). Similarly, the above 
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composition takes the totalizations of short exact sequences in (X, C, — w)-coh to ob- 
jects corresponding to the totalizations of short exact sequences in (X, C, u>)-qcoh| f ; 
one checks this by considering a left locally free resolution of a short exact sequence 
of coherent matrix factorizations. Thus we obtain a triangulated functor 

Q: D abs ((X,£,-w)-coh) op ► D co ((X,£,«;)-qcoh lf ). 



Corollary. The functor Q is fully faithful, and its image forms a set of compact 
generators in D co ((X, C, w)-qcoh ]f ). The following diagram of triangulated functors 
is commutative: 



D abs ((X,£,-w)-coh| f ) op >- 



> D abs (X,£,-u>)-coh) op 



Hom,x-qc{-,£>x) 



D abs ((X,£,w)-coh, f ) 



Homx-qci-Px) 



D co ((X,£,w)-qcoh lf ) 



T> x ®o x - 



> 




¥ 




V x ®o x - 





> D abs ((X,£,w)-coh) 



comp. 
gener. 



D co ((X,£,w)-qcoh) 



Hom X -qc(D xi-) 

Here v, k, and 7 denote the fully faithful functors induced by the natural embed- 
dings of DG-categories of CDG-modules. The two upper vertical lines are the natural 
contravariant dualities (anti-equivalences) on the (absolute derived) categories of lo- 
cally free matrix factorizations of finite rank and coherent matrix factorizations. The 
lower horizontal line is the equivalence of categories from Theorem, and the middle 
horizontal arrow is the fully faithful functor discussed after the proof of Theorem. 

The above diagram is to be compared with the following sub diagram of the large 
diagram in the end of Section 2.4: 



D abs ((X,£,w)-coh| f ) >- 



D co ((X, £, m)-qcoh| f ) 



> D abs (X,£,w)-coh) 



comp. 
gener. 



-+ D co ((X,£,w)-qcoh) 



Here A denotes the triangulated functor induced by the embedding of DG-categories 
of CDG-modules (X, C, u>)-qcoh, f — > (X, C, u>)-qcoh. 

Notice that it is clear from these two diagrams that the functor A is an equivalence 
of triangulated categories whenever the functor v is. Indeed, if v is an equivalence 
of categories, then the image of k is a set of compact generators in the target cat- 
egory, and A is an infinite direct sum-preserving triangulated functor identifying 
triangulated subcategories of compact generators, hence an equivalence. In this case, 
the functor T>' x ®o x ~ becomes an auto-equivalence of the triangulated category 
D co ((X, £, w)-qcoh) and restricts to an auto-equivalence of its full subcategory of 
compact generators D abs ((X, C, w)-coh). 
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Proof of Corollary. The assertions in the first sentence follow from the second one, 
as we know 7 to be fully faithful and its image to be a set of compact generators 
by Corollary 2.3(1). The commutativity of both squares and the upper left trian- 
gle is clear. To check commutativity of the lower right triangle, consider a coher- 
ent matrix factorization M. of the potential — w; let £, be its left resolution in the 
abelian category Z°((X, C, — w)-coh) whose terms £ n belong to Z°((X, C, — w)-coh|f). 
Then the finite complex of injective matrix factorizations Homx-qc{-M.,D x ) maps 
quasi-isomorphically to the bounded below complex of injective matrix factorizations 
'Homx-qc(£*,'Dx) — ®o x H° m x-qc(£»,Ox), so the cone of the corresponding 
morphism of the total matrix factorizations is coacyclic (and in fact contractible). □ 

2.6. w-flat matrix factorizations. From now on we will assume that for any afnne 
open subscheme U C X the element w\u is not a zero divisor in the 0(i7)-module 
C(U); in other words, the morphism of sheaves w: Ox — > £ is injective. 

The following results will be used in the proof of the main theorem and its analogues 
below. Let us call a quasi-coherent Cx-uiodule £ w-flat if the map w : £ — > £®o x £ 
is injective. Notice that any submodule of a w-flat module is w-flat, so the "w-flat 
dimension" of a quasi-coherent sheaf over X never exceeds 1. 

Denote by (X, C, w)-coh w ^\ the DG-category of coherent CDG-modules over 
(X, C, w) with w-flat underlying graded Ox-uiodules and by (X, C, w)-qcoh w _ f | the 
similar DG-category of quasi-coherent CDG-modules. Let D abs ((X, C, w)-coh^_fi), 
D abs ((X, C, w)-qcoh w _ f |, and D co ((X, C, w)-qcoh w _ f \) denote the corresponding de- 
rived categories of the second kind. 

Furthermore, denote by (X, £, w)-coh w _fi n ffd the DG-category of coherent CDG- 
modules over (X, C, w) whose underlying graded Ox-modules are both w-flat and of 
finite flat dimension, and by (X, C, w)-qcoh w _ f | n | fd the DG-category of w-flat quasi- 
coherent CDG-modules of finite locally free dimension. Let D abs ((X, £, w)-coh w _fi n ff d ), 
D abs ((X, £, w)-qcoh w _ f | n | fd ), and D co ((X, C, w)-qcoh w _ fln | fd ) denote the corresponding 
exotic derived categories. 

Corollary, (a) The functor D co ((X, £, w)-qcoh U) _ f ,) — ► D co ((X, £, w)-qcoh) induced 
by the embedding of DG-categories (X, C, w)-qcoh w _ fi — > (X, £,w)-qcoh is an equiv- 
alence of triangulated categories. 

(b) The functor D abs ((X, C, w)-qcoh w _ n ) — > D abs ((X, £, w)-qcoh) induced by the 
embedding of DG-categories (X, £, w)-qcoh w _ n — > (X, £,w)-qcoh is an equivalence 
of triangulated categories. 

(c) The functor D abs ((X, £, w)-coh w _ f ,) — > D abs ((X, £, w)-coh) induced by the 
embedding of DG-categories (X, £, w)-coh w _ f | — > (X, £, w)-coh is an equivalence of 
triangulated categories. 

(d) The functor D co ((X, £, w)-qcoh w _ f | n | fd ) — > D co ((X, £, w)-qcoh !fd ) induced by 
the embedding of DG-categories (X, £, w)-qcoh w _ f | n | fd — > (X, £, w)-qcoh| fd is an 
equivalence of triangulated categories. 

(e) The functor D abs ((X, C, w)-qcoh w _ f | n | fd ) — > D abs ((X, C, w)-qcoh| fd ) induced by 
the embedding of DG-categories (X, £, w)-qcoh w _ f | n | fd — > (X, C, w)-qcoh !fd is an 
equivalence of triangulated categories. 
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(f) The functor D abs ((X, £, w)-coh w _ f i nffd ) — > D abs ((X, C, w)-coh ffd ) induced by 
the embedding of DG-categories (X, £, u>)-coh w _ f i nf f d — > (X, C, w)-coh ffd is an equiv- 
alence of triangulated categories. 

Proof. The proofs are analogous to those of Corollary 2.3(a-c) and (g) (except that 
no induction in d is needed, as it suffices to consider the case d — 1). Parts (d), (e), 
(f) are analogous to parts (a), (b), (c), respectively. Parts (b-c) and (e-f) can be also 
proven in the way similar to Corollary 2.3(h-i). □ 

Remark. The assertions of parts (a-b) hold under somewhat weaker assumptions 
than above: namely, one does not need to assume the existence of enough vector 
bundles on X. And one can make parts (d-e) hold without vector bundles by re- 
placing the finite locally free dimension condition in their formulation with the finite 
flat dimension condition. The reason is that there are enough flat sheaves on any 
reasonable scheme (see Lemma A.l). 

In fact, even part (c) does not depend on the existence of vector bundles, since 
a surjective morphism onto a given coherent sheaf M. from a w-flat coherent sheaf 
can be easily constructed, e. g., by starting from a surjective morphism onto M. from 
a flat quasi-coherent sheaf T and picking a large enough coherent subsheaf in J 7 . 
Accordingly, one does not need vector bundles to prove the equivalence of categories 
in the lower horizontal line in Theorem 2.7 below and the other two equivalences 
in Theorem 2.8. Replacing locally free sheaves with flat ones in the relevant defi- 
nitions and assuming the Krull dimension to be finite, one can have the whole of 
Proposition 2.8 hold without vector bundles as well. 

Similarly, the existence of vector bundles is not needed for the validity of The- 
orem 1.4(a-b), Proposition 1.5(a, c-d), all the assertions of Sections 1.7 and 1.10, 
Corollaries 2.3(a-b, f, k-1) and 2.4(a-b), Proposition 2.5 and Theorem 2.5, and some 
other results. 

2.7. Main theorem. Let X C X be the closed subscheme defined locally by the 
equation w — 0, and i: X — > X be the natural closed embedding. The next 
theorem is the main result of this paper. 

Theorem. There is a natural equivalence of triangulated categories 

D abs ((X,£, W )-coh)^D b (X /X). 
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Together with the functor E: D abs ((X, C, w)-coh\ f ) — > D h Sing (X ) constructed in [29], 
this equivalence forms the following diagram of triangulated functors 




> D abs ((X,£,uO-coh lf ) > ► D b Smg (X ) 



D abs ((X,£, W )-coh) = D b mff (X /X) 



where the upper horizontal arrow E /u% faithful, the left vertical arrow is fully 
faithful, the right vertical arrow is a Verdier localization functor, and the lower hori- 
zonal line LS = T _1 is an equivalence of categories. The square is commutative; the 
three diagonal arrows i,, i° , i (the middle one pointing down and the two other ones 
pointing up) are adjoint. 

Furthermore, the image of the functor E is precisely the full subcategory of objects 
annihilated by the functor i a , or equivalently, by the functor In other words, 
the image of E is equal both to the left and to the right orthogonal complements 
to the thick subcategory generated by the image of the functor i° , i. e., an object 
T e D h Sing (X ) is isomorphic to T,{M) for some M G D abs ((X, C, w)-coh| f ) if and 
only if for every £ e D b ing (X) one has Hom D b ^ Xo ^(i° £ , J 7 ) = 0, or equivalently, for 
every £ e D h Stng {X) one has Hom D b,^ (Xo) (.F, i°£). 

The thick subcategory generated by the image of the functor i° is the kernel of the 
right vertical arrow. So the upper horizontal arrow and the right vertical arrow are 
included into "exact sequences" of triangulated categories (as marked by the zeroes 
at the ends; there is no exactness at the uppermost rightmost end). 

When X is a regular scheme, the functor D abs ((X, C, w)-coh|f) — > D abs ((X, C,w) 
-coh) is an equivalence of categories by Corollary 2.4(c), and so is the functor 
D b Sing (X ) — > D b Sing (X /X) (as explained in Section 2.1). Hence it follows that 
the functor E is an equivalence of categories, too. Thus we recover the result 
of Orlov [29, Theorem 3.5] claiming the equivalence of triangulated categories 
D abs ((X, C, w)-coh, f ) ~ D b Smg (X ) for a regular X. 

Proof of the lower horizontal equivalence. To obtain the equivalence of triangulated 
categories in the lower horizontal line, we will construct triangulated functors in both 
directions, and then check that they are mutually inverse. Given a bounded complex 
of coherent sheaves T* over X , consider the CDG-module T(J 7 *) over (X, C, w) with 
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the underlying coherent graded module given by the rule 

and the differential induced by the differential on J 7 *. Since d 2 = on J 7 * and w acts 
by zero in i*.F J , this is a CDG-module. It is clear that T is a well-defined triangulated 
functor D b (Xo-coh) — > D abs ((X, C, w)-coh), since the derived category of bounded 
complexes over an abelian category coincides with their absolute derived category. 

Let us check that T annihilates the image of the functor hi*. It suffices to 
consider a w-flat coherent sheaf £ on X and check that T(cokerw) = 0, where 
w: £®o x £®~ 1 — * £■ Indeed, T(cokerw) is the cokernel of the injective morphism of 
contractible coherent CDG-modules Af — > M, where Af 2n+1 = M 2n+1 = £®o x £® n 
and J\f 2n = £ ® 0x £® n -\ while M 2n = £ ® Qx £ m for n e Z. 

This provides the desired triangulated functor 

T: D b Smg (X /X) ► D abs ((X,£,«;)-coh). 

The functor in the opposite direction is a version of Orlov's cokernel functor, but 
in our situation it has to be constructed as a derived functor, since the functor of 
cokernel of an arbitrary morphism is not exact. Recall the equivalence of triangulated 
categories D abs ((X, £, w)-coh w . fi ) — > D abs ((X, £, w)-coh) from Corollary 2.6(c). 

Define the functor S: Z°((X, £, w)-coh w _ f |) — > D b Sing (X /X) from the category 
of w-flat coherent CDG-modules over (X, £, w) and closed morphisms of degree 
between them to the triangulated category of relative singularities by the rule 

E(M) = coker(d: AT 1 ->■ M°) = coker{i*d: i*M~ l -)• i*M°), 

where the former cokernel, which is by definition a coherent sheaf on X annihilated 
by w, is considered as a coherent sheaf on X . One can immediately see that the func- 
tor S transforms morphisms homotopic to zero into morphisms factorizable through 
the restrictions to X of w-flat coherent sheaves on X. Hence the functor S factorizes 
through the homotopy category H°((X, C, iu)-coh U) _fi). 

It is explained in [31, Lemma 3.12] (see also Lemma 2.13 below) that the functor S 
is triangulated and in [29, Proposition 3.2] that the functor S factorizes through 
D abs ((X, £, w)-coh tu _fi). The latter assertion can be also deduced by considering 
the complex (1.3) from [31]. Indeed, the complex i*M corresponding to the total 
CDG-module M. of an exact triple in £>-coh m _f| is the total complex of an exact triple 
of complexes in the exact category Ex /x from Remark 2.1, hence the complex i*A4 
is exact with respect to Ex /x arid the cokernels of its differentials belong to this 
exact subcategory in the abelian category of coherent sheaves over X . So we obtain 
the triangulated functor 

~: D abs ((X,£, W )-coh_ fl ) ► D b Smg (X /X), 

and consequently, the left derived functor 

LS: D abs ((X,£, W )-coh) ► D b Smg (X /X). 

Let us check that the two functors T and LS are mutually inverse. For any 
w-flat coherent CDG-module M. over (X,C,w), there is a natural surjective closed 
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morphism of CDG-modules <p: M. — > TS(A^) with a contractible kernel. Clearly, 
0: Id — > YLE is an (iso) morphism of functors. 

Conversely, any object of D b ing (X /X) can be represented by a coherent sheaf 
on Xq, and any morphism in D h Sing (Xo/X) is isomorphic to a morphism coming 
from the abelian category of such coherent sheaves. Indeed, the bounded above 
derived category D~(X -coh) of coherent sheaves over X is equivalent to the bounded 
above derived category D~(X -coh|f) of locally free sheaves; using a truncation far 
enough to the left, one can represent any object or morphism in D b Sing (X /X) by 
a long enough shift of a coherent sheaf or a morphism of coherent sheaves. Now 
for any coherent sheaf T on X there is a natural distinguished triangle T <S>o Xo 
— > hi*i^ — > T — >F®o Xo «*£® _1 [ 2 ] in D b (X -coh), which provides a 
natural isomorphism T ~ T <S>o x «*£® _1 [2] in D b Sing (X /X). 

Let J 7 be a coherent sheaf on X ; pick a vector bundle £ on X together with a 
surjective morphism £ — > i^J 7 with the kernel £'. Then the CDG-module Ai over 
(X,C,w) with the components M 2n = £ ®o x £® n and M 2 ^ 1 = £' ®o x £® n maps 
surjectively onto T(J r ) with a contractible kernel, and LEY (J 7 ) = E(M) = J 7 (cf. [20, 
Lemma 2.18]). Denote the isomorphism we have constructed by ip: LEY (J 7 ) — > J 7 . 
The composition Tip o 0Y: Y(J r ) — > YLHY(J r ) — > Y(J r ) is clearly the identity 
morphism. It is obvious that ip commutes with any morphisms of coherent sheaves 
T on X , but checking that it commutes with all morphisms, or all isomorphisms, in 
D h Smg (X /X) is a little delicate. 

Notice that Tip is an (iso)morphism of functors since <f)T is, and consequently 
LSY-0 is an (iso)morphism of functors. Thus it remains to check that the functor 
LSY is faithful, i. e., does not annihilate any morphisms. Indeed, any morphism in 
D b Sing (X /X) is isomorphic to a morphism coming from the abelian category of coher- 
ent sheaves on X , and the functor LSY transforms such morphisms into isomorphic 
ones. The construction of the equivalence of categories in the lower horizontal line is 
finished. One still has to check that the isomorphisms commute with the isomor- 
phisms YS(A4[1]) ~ YS(.M)[1], but this is straightforward. 

Alternatively, one can use w-flat coherent sheaves on X or objects of the exact 
category E Xo /x °f coherent sheaves on X (as applicable) instead of the locally free 
sheaves everywhere in the above argument. □ 

Proof of "exactness" in the upper line. We start with a discussion of the three ad- 
joint functors in the right upper corner. The functor i Q right adjoint to the functor 
i°: D b Sing (X) — y D b Sing (X ) was constructed in Section 2.1. 

To construct the left adjoint functor to i°, notice that the right derived 
functor of subsheaf with the scheme-theoretic support in the closed subscheme 
Mr: D b (X-coh) — > D b (X -coh) only differs from the functor hi* by a shift and a 
twist, Rr£' ~ JLi*£* ® Ox0 £\x [~l]- One can check this first for w-flat coherent 
sheaves £, when both objects to be identified are shifts of sheaves, so it suffices to 
compare their direct images under i, which are both computed by the same two-term 
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complex £ — > £ ®o x A then replace a complex £' with a finite complex of w-flat 
coherent sheaves (for a general result of this kind, see [24, Theorem 5.4]). 

Hence the functor Mr takes Perf(X) to Perf(X ) and induces a triangulated 
functor : D b Sing (X) — > D b ing (Xo) right adjoint to i . It follows that the functor 
2. (J 7 ) = i (.F) <X>e> x £[— 1] is left adjoint to the functor i°. 

To prove the vanishing of the composition of functors in the upper line and the 
orthogonality assertions, notice that 

Hom D b m9 ( Xo) (i°£,£.M) ~ Hom D b^pQ(£, i T,A4) 

and iJl{M) = coker^- 1 ->■ M°) G Perf(X) for any M G D abs ((X, C, w)-coh, f ), 
since the morphism — > A4° of locally free sheaves on X is injective. Similarly, 

ft°™D» Sing (x )(ZM,i°£) ~ Hom DLj(x) (j.EX,5) 

and i.E(M) = i E(.M) ® 0x £[-1] = in D b Smg (X). 

Obviously, our derived cokernel functor LS makes a commutative diagram with 
the cokernel functor E from [29]. The left vertical arrow is fully faithful by Corol- 
lary 2.3(i). The assertion that the upper horizontal arrow is fully faithful is due to 
Orlov [29, Theorem 3.4]. We have just obtained a new proof of it with our methods. 
Indeed, it follows from the orthogonality that the functor D h Sing (X ) — ► D b Sing (X /X) 
induces isomorphisms on the groups of morphisms between any two objects one of 
which comes from D abs ((X, £, w)-coh|f). Conversely, Orlov's theorem together with 
the orthogonality argument and the equivalence of categories in the lower horizontal 
line imply that the left vertical arrow is fully faithful. 

Now assume that ioT = for some J 7 G D b ing (Xo). Clearly, there exists n > and 
a coherent sheaf /C on Xo such that J 7 ~ K.[n] in D b ing (Xo). Then iJZ is a perfect 
complex, i. e., a coherent sheaf of finite flat dimension on X. Let us view it as an 
object of (X, £, u>)-cohf fd , i. e., consider the CDG- module M over (X, £, w) with the 
components Af 2n = %X ®o x £® n and Af 2n+l = 0. 

The construction of the cokernel functor X can be straightforwardly extended 
to «;-flat coherent matrix factorizations of finite flat dimension, providing a tri- 
angulated functor E: D abs ((X,£ , w)— coh m _finffd) — y ^sing(Xo)- The functor E 
is well-defined, since one has i*M G Perf(X ) for any tu-flat coherent sheaf 
M. of finite flat dimension on X. Using the equivalence of triangulated cate- 
gories D abs ((X,£,w)-coh„,_ f i nffd ) ~ p abs ((X,£,w)-coh ffd ) from Corollary 2.6(f), 
one constructs the derived functor LE: D abs ((X, £, w)-co\\^ — > D h Sing (Xo) in the 
same way as it was done above for the derived functor LS. Since the functor 
D abs ((X, £, w)-coh| f ) — > D abs ((X, £, w)-coh ffd ) is an equivalence of categories by 
Corollary 2.3(g), the (essential) images of the functors E and LE coincide. 

Let us check that LE(jV) — /C as an object of D b Sing (X ). We argue as above, 
picking a vector bundle S on X together with a surjective morphism £ — > ijd 
with the kernel £'. Then the CDG-module Ai over (X, C, w) with the components 
M 2n = £ ®o x £® n and M 2 "- 1 = £' ®o x C® n maps surjectively onto Af with a 
contractible kernel. Hence the object M G (X, £, w)-coh w _ f i n f fd is isomorphic to Af 
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in D abs ((X,£,w)-coh ffd ), and we have LE(jV) = E(M) = K. Therefore, the object 
JC £ D b in5 (X ) belongs to the (essential) image of the functor E, and it follows that 
so does the object J 7 ~ K.[n]. 

One can strengthen the above argument so as to obtain a construction of the 
(partial) inverse functor A to the functor E similar to the above construction of the 
functor T inverse to the functor LS. Consider the full subcategory F Xo /x C X -coh 
in the abelian category of coherent sheaves on X consisting of all the sheaves J 7 such 
that the sheaf i*J- has finite flat dimension (i. e., is a perfect complex) on X. The 
category fx /x contains all the locally free sheaves on X and is closed under the 
kernels of surjections, the cokernels of embeddings, and the extensions. 

Hence Fx a /x is an exact subcategory in X -coh. The natural functor D b (F Xa /x) 
— > D b (X -coh) is fully faithful; its image coincides with the kernel of the composition 
of the direct image and Verdier localization functors D b (X -coh) — > D b (X-coh) — > 
D b Sing (X). Accordingly the quotient category D b (Fx /x)/D b (X -coh| f ) is identified 
with the kernel of the direct image functor i Q : D b Sing (X ) — > D b Sing (X). 

Now the functor 

A: D b (F Xo/x )/D b (X -coh lf ) ► D abs ((X, C, w)-coh ffd ) 

is constructed in the way similar to the construction of the functor T, by taking the 
direct image from Xo to X and applying the periodicity summation. That is 

for any T* G D b (Fx /x)- One checks that the functor A is inverse to the functor LE, 
the latter being viewed as a functor taking values in the triangulated subcategory 
D b (Fx /x)/D b (X -coh| f ) C D b - n9 (X ), in the same way as it was done above for the 
functors T and LS. This provides yet another proof of the fact that the functor E is 
fully faithful, together with another proof of our description of its image. It is also 
obvious from the constructions that the functor A makes a commutative diagram 
with the functor T. □ 

2.8. Infinite matrix factorizations. Following [27, paragraphs after Remark 1.9], 
one can define a "large" version of the triangulated category of singularities D' Si (X) 
of a scheme X as the quotient category of the bounded derived category of quasi- 
coherent sheaves D b (X-qcoh) by the thick subcategory D b (X-qcoh| f ) of bounded 
complexes of locally free sheaves (of infinite rank). When X has finite Krull dimen- 
sion, the latter subcategory coincides with the thick subcategory D b (X-qcoh f |) of 
bounded complexes of flat sheaves (see Remark 1.4). 

Similarly, let Z C X be a closed subscheme such that Oz has finite flat dimension as 
an Ox-module. Let us define a "large" triangulated category of relative singularities 
D' Sing (Z I X) as the quotient category of D b (Z-qcoh) by the minimal thick subcategory 
containing the image of the functor hi*: D b (X-qcoh) — > D b (Z-qcoh) and closed 
under those infinite direct sums that exist in D b (Z-qcoh). The quotient category of 
D b (Z-qcoh) by the minimal thick subcategory containing Li*D b (X-qcoh) (without 
the direct sum closure) will be also of interest to us; let us denote it by D" Si (Z/X). 
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Lemma. The triangulated categories D' Sing (Z / X) and U' Sing (Z/X) are quotient cat- 
egories of D' Sing (Z). When the scheme X is regular of finite Krull dimension, these 
three triangulated categories coincide. 

Proof. To prove the first assertion, let us show that any locally free sheaf on Z, 
considered as an object of D b (Z-qcoh), is a direct summand of a bounded complex 
whose terms are direct sums of locally free sheaves of finite rank restricted from X. 
Indeed, pick a finite left resolution of a given locally free sheaf on Z with the middle 
terms as above, long enough compared to the number of open subsets in an affinc 
covering of Z. Then the corresponding Ext class between the cohomology sheaves 
at the rightmost and leftmost terms has to vanish in view of the Mayer-Vietoris 
sequence for Ext groups between quasi-coherent sheaves [27, Lemma 1.12]. Hence 
the rightmost term is a direct summand of the complex formed by the middle terms. 

The second assertion holds for the categories D" Sing (Z / X) and D' Sing (Z), since any 
quasi-coherent sheaf on a regular scheme of finite Krull dimension has a finite left 
resolution consisting of locally free sheaves. To identify these two categories with 
D' Sing (Z/X), one needs to know that the subcategory of bounded complexes of locally 
free sheaves on Z is closed under those infinite direct sums that exist in D b (Z-qcoh). 
The latter is true for any Noetherian scheme Z of finite Krull dimension with enough 
vector bundles, since the finitistic projective dimension of a commutative ring of finite 
Krull dimension is finite [37, Theoreme II. 3. 2. 6]. □ 

Now let £ be a line bundle on X, w G C{X) be a global section corresponding to 
an injective morphism of sheaves O x — > £, and X C X be the locus of w = 0. 

Proposition. There is a natural equivalence of triangulated categories 



Orlov 's cokernel functor E from [29] , this equivalence forms the following diagram of 
triangulated functors 




DL(^o) of 



v Sing {x) 








> D abs ((X,£,w)-qcoh lf ) > 



> D' 5m5 (X ) 



D abs ((X,£,w)-qcoh) 



D% ng (X /X) 
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where the upper horizontal arrow E' is fully faithful, the left vertical arrow is fully 
faithful, the right vertical arrow is the Verdier localization functor by the thick subcat- 
egory generated by the image of the diagonal down arrow i° , and the lower horizonal 
line is an equivalence of categories. The square is commutative; the three diagonal 
arrows i % , i° , i are adjoint. 

Furthermore, the image of the functor E' is precisely the full subcategory of objects 
annihilated by the functor i Q , or equivalently, by the functor In other words, the 
image of E' is equal both to the left and to the right orthogonal complements to (the 
thick subcategory generated by) the image of the functor i° . 

Proof. The proof is completely similar to that of Theorem 2.7. It uses Corollar- 
ies 2.6(b), 2.3(h), 2.6(e), and 2.3(c). Alternatively, one can prove that the functor 
E' is fully faithful in the same way as it was done for the functor E in [29, Theo- 
rem 3.4], and deduce the assertion that the left vertical arrow is fully faithful from 
the orthogonality. 

Note that one check in a straightforward way that the functor E' annihilates the 
objects coacyclic with respect to (X, £, w)-qcoh| f . This provides another proof of 
Corollary 2.3(d), working in the assumption that w is a local nonzero-divisor. □ 

The functors E and E' together with the direct image functors i form the com- 
mutative diagram of an embedding of "exact sequences" of triangulated functors 

> D abs ((X,£, W )-coh lf )> ^ > D b Sing (X ) D b Sing (X) 



> D c °((X,£, W )-qcoh lf )> * ► D' Smg (X ) D' Stng (X) 

The leftmost vertical arrow is fully faithful by Corollary 2.3(j). The other two 
vertical arrows are fully faithful by Orlov's theorem [27, Proposition 1.13] claiming 
that the functor D b Sing (X) — > D' Sing (X) is fully faithful for any separated Noetherian 
scheme X with enough vector bundles. The leftmost nontrivial terms in both lines 
are the kernels of the rightmost arrows by Theorem 2.7 and Proposition above. 

Theorem. There is a natural equivalence of triangulated categories 

D co ((X,£, W )-qcoh) ~ D' Smg (X /X) 

forming a commutative diagram of triangulated functors 

D abs ((X,£, W )-coh) D b Smg (X /X) 



comp. 
gener. 



D abs ((X,£, W )-qcoh) — D% ng (X /X) 



D co ((X,£, W )-qcoh) — D' Sing (X /X) 
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comp. 
gener. 



with the equivalences of categories from Theorem 2.7 and the above Proposition. The 
upper vertical arrows are fully faithful, the lower ones are Verdier localization func- 
tors, and the vertical compositions are fully faithful. The categories in the lower line 
admit arbitrary direct sums, and the images of the vertical compositions are sets of 
compact generators in the target categories. 

Proof The construction of the desired equivalence of categories is very similar to the 
construction of the equivalence of categories in Theorem 2.7 and the Proposition. 
Using Corollary 2.6(a), one defines the infinite-rank version of the functor LIE, then 
shows that the obvious infinite-rank version of the functor T is inverse to it. Notice 
that the functor S: Z°((X, C, w)-qcoh w _ n ) — y D b (V -qcoh) preserves infinite direct 
sums and the functor T: D b (X -qcoh) — > D co ((X, £, w)-qcoh) preserves those infi- 
nite direct sums that exist in D b (X -qcoh), so the functors S : D co ((X, C, w)-qcoh w _ n ) 
— > D' Smg {X /X) and T: D' Smg {X /X) — >■ D co ((X, £, u>)-qcoh) are well-defined. 

The upper left vertical arrow is fully faithful by Corollary 2.3(k); it follows that 
the upper right vertical arrow is fully faithful, too. The assertions about the vertical 
compositions are proved similarly. The category D' Sing (X /X) admits arbitrary direct 
sums, since the category D co ((X, £, u>)-qcoh) does. By Corollary 2.3(1), the left 
vertical composition is fully faithful and its image is a set of compact generators in 
the target, so the right vertical composition has the same properties. □ 

The following square diagram of triangulated functors is commutative: 
D co ((X,£, W )-qcoh lf )^^ V Sing (X ) 



D co ((X,£, W )-qcoh) _ D' Sing (X /X) 

The upper horizontal arrow E' is fully faithful; the right vertical arrow is a Verdier 
localization functor. The lower line is an equivalence of triangulated categories. 
Nothing is claimed about the left vertical arrow in general. 

When the scheme X is Gorenstein of finite Krull dimension, the left vertical arrow 
is an equivalence of categories by Corollary 2.4(a). When X is also regular, the 
right vertical arrow is an equivalence of categories by the above Lemma. So S' is an 
equivalence of categories D abs ((X, C, w)-qcoh !f ) ~ D' Sing (X ) and we have obtained a 
strengthened version of [31, Theorem 4.2] (in the scheme case). 

Remark. It is well-known that the Verdier localization functor of a triangulated cate- 
gory with infinite direct sums by a thick subcategory closed under infinite direct sums 
preserves infinite direct sums [25, Lemma 3.2.10]. This result is not applicable to the 
localization functors D b (X-qcoh) — > 0' Smg (X) and D b (Z-qcoh) — > D' Smg (Z/X), as 
the category D b (X-qcoh) does not admit arbitrary infinite direct sums. 

Using the equivalence of categories from the above Theorem and the observation 
that the functor T preserves infinite direct sums, one can show that the localization 
functor D b (X -qcoh) — > D' Sing (X /X) takes those infinite direct sums that exist in 
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D b (X -qcoh) into direct sums in the triangulated category of relative singularities 
D' Sing (X Q /X) of the zero locus of w in X. However, there is no obvious reason why 
the localization functor D b (X -qcoh) — > D' Sing (X ) should take those infinite direct 
sums that exist in D b (X -qcoh) into direct sums in the absolute triangulated category 
of singularities D' Sing (X ). 

That is the problem one encounters attempting to prove that the kernel of the 
localization functor D' Si (X ) — > D' Sing (X /X) is semiorthogonal to the image of 
the functor 

2.9. Stable derived category. Following Krause [19], define the stable derived cat- 
egory of a Noetherian scheme X as the homotopy category of unbounded complexes 
of injective quasi-coherent sheaves on X. As explained below, this is another (and 
in some respects better) "large" version of the triangulated category of singularities 
of X; for this reason, we denote it by D s g ing (X). 

In view of Lemma 1.7 (see also [34, Remark 5.4]), one can equivalently define 
D 5 g ing (X) as the quotient category of the homotopy category of acyclic complexes of 
quasi-coherent sheaves over X by the thick subcategory of coacyclic complexes, or as 
the full subcategory of acyclic complexes in the coderived category D co (X-qcoh) of 
(complexes of) quasi-coherent sheaves over X. It is the latter definition that we will 
use in the sequel. 

Clearly, the category D% ng (X) has arbitrary infinite direct sums. In [19, Corol- 
lary 5.4], Krause constructs a fully faithful functor D b Sing (X) — > D% (X) and proves 
that its image is a set of compact generators of the target category. 

Theorem. For any separated Noetherian scheme Z with enough vector bundles, there 
is a natural triangulated functor D' Sing (Z) — > D s g ing (Z) forming a commutative di- 
agram with the natural functors from D h Sing (Z) into both these categories. The com- 
position D b (Z-qcoh) — > D' Sing (Z) — > D% ng (Z) preserves those infinite direct sums 
that exist in D b (Z-qcoh). When Z = X is a divisor in a regular separated Noe- 
therian scheme of finite Krull dimension, the functor D' Sing (X ) — > D s g ing (X ) is an 
equivalence of triangulated categories. 

Proof. The construction of the functor D h Sing (Z) — > D s g ing (Z) in [19] is given in 
terms of the Verdier localization functor Q: D co (Z-qcoh) — > D(Z-qcoh) by the 
triangulated subcategory D% ng (Z) C D co (Z-qcoh) and its adjoint functors on both 
sides, which exist according to [19, Corollary 4.3]. The proof of our Theorem is 
based on explicit constructions of the restrictions of these adjoint functors to some 
subcategories of bounded complexes in D(Z-qcoh). 

It is well known that the Verdier localization functor if°(Z-qcoh) — > D(Z-qcoh) 
from the homotopy category of (complexes of) quasi-coherent sheaves on Z to their 
derived category has a right adjoint functor D(Z-qcoh) — > H°(Z-qcoh). The objects 
in the image of this functor are called homotopy injective complexes of quasi-coherent 
sheaves on Z. The composition D(Z-qcoh) — > H°(Z-qcoh) — > D co (Z-qcoh) pro- 
vides the functor Q p : D(Z-qcoh) — > D co (Z-qcoh) right adjoint to Q. In particular, 
any bounded below complex in D(Z-qcoh) has a bounded below injective resolution 
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and any bounded below complex of injectives is homotopy injective. Furthermore, 
any bounded below acyclic complex is coacyclic [34, Lemma 2.1]. It follows that any 
bounded below complex from D + (Z-qcoh), considered as an object of D co (Z-qcoh), 
represents its own image under the functor Q p . 

On the other hand, any bounded above complex from D(Z-qcoh) has a locally 
free left resolution defined uniquely up to a quasi-isomorphism in the exact category 
of locally free sheaves, i. e., there is an equivalence of bounded above derived cat- 
egories D~(Z-qcoh| f ) ~ D~(Z-qcoh). Since the exact category Z-qcoh| f has finite 
homological dimension, any acyclic complex in it is coacyclic (and even absolutely 
acyclic [34, Remark 2.1]), so there are natural functors D~(Z-qcoh| f ) — > D(Z-qcoh| f ) 
~ D co (Z-qcoh lf ) — > D co (Z-qcoh). 

Lemma. The composition of the embedding D~(Z-qcoh) — > D(Z-qcoh) with the 
functor Q\: D(Z-qcoh) — > D co (Z-qcoh) left adjoint to Q is isomorphic to the func- 
tor D~(Z-qcoh) — > D co (Z-qcoh) constructed above. 

Proof. We have to show that Hom D co( Z _ qcoh )(£', £') = for any bounded above com- 
plex of locally free sheaves C and any acyclic complex £' of quasi-coherent sheaves 
on Z. Let us check that any morphism C — > £' in H°(Z-qcoh) factorizes through a 
coacyclic complex of quasi-coherent sheaves. Clearly, we can assume that the complex 
£' is bounded above, too. Let /C* be the cocone of a closed morphism of complexes 
C — )■ £'; then /C* is bounded above and the composition JC' — > C — > £' is 
homotopic to zero. Pick a bounded above complex of locally free sheaves J 7 ' to- 
gether with a quasi-isomorphism J 7 ' — > /C*. Then the cone of the composition 
J 7 ' — > /C* — > C, being a bounded above acyclic complex of locally free sheaves, 
is coacyclic. Since the composition T* — > £' — > £' is homotopic to zero, the 
morphism C — > £' factorizes, up to homotopy, through this cone. □ 

Now we can describe the action of the functor I x : D co (Z-qcoh) — > D 5 g ing (Z-qcoh) 
left adjoint to the embedding D^ nff (Z-qcoh) — > D co (Z-qcoh) on bounded above 
complexes in D co (Z-qcoh). If /C* is a bounded above complex of quasi-coherent 
sheaves and T* is its locally free left resolution, then the cone of the closed morphism 
J 7 * — > /C* represents the object I\()C') G D s g ing (Z-qcoh) . In view of the above 
Lemma, this cone is functorial and does not depend on the choice of T* for the usual 
semiorthogonality reasons. 

The embedding of compact generators D b Sing (Z) — > D s g ing (Z) is constructed in [19] 
as the functor induced by the restriction of the composition I\oQ p : D(Z-qcoh) — > 
D% ng (Z) to the full subcategory D b (Z-coh) C D(Z-qcoh). Let us explain why this 
is so. By Proposition 1.5(d) (cf. [19, Proposition 2.3 and Remark 3.8]), the natural 
functor D b (Z-coh) — > D co (Z-qcoh) is fully faithful and its image is a set of compact 
generators in the target. This is the image of D b (Z-coh) C D(Z-qcoh) under the 
functor Q p , as constructed above. It is clear from the above construction of the 
functor Q\ that it preserves compactness (and in fact coincides with the functor Q p on 
perfect complexes in D(Z-qcoh) [19, Lemma 5.2]). Since the functors Q\ and I\, being 
left adjoints, preserve infinite direct sums, and I\ is a Verdier localization functor 
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by the image of Q\, it follows that the image of any set of compact generators of 
D co (Z-qcoh) under I\ is a set of compact generators of D s g ing (Z) [24, Theorem 2.1(4)]. 

In order to define the desired functor D' Sing (Z) — > D s g ing (Z), restrict the same 
composition I\ o Q p to the full subcategory D b (Z-qcoh) C D(Z-qcoh). According to 
the above, this restriction assigns to any bounded complex of quasi- coherent sheaves 
/C* on Z the cone of a morphism J 7 * — > JC' into it from its locally free left reso- 
lution J 7 *. Clearly, the functor D b (Z-qcoh) — > D s ^ ing (Z) that we have constructed 
preserves those infinite direct sums that exist in D b (Z-qcoh) and annihilates the tri- 
angulated subcategory D b (Z-qcoh| f ) C D b (Z-qcoh). So we have the induced functor 
D' Si (Z) — > D s g ing (Z), and the first two assertions of Theorem are proven. 

To prove the last assertion, we use the results of Section 2.8. Assume that Z = 
X is the zero locus of a section w G C(X) of a line bundle on X; as usually, 
w: Ox — > £ has to be an injective morphism of sheaves. Then by Theorem 2.8 
and Lemma 2.8, the category D' Sing (Z) admits infinite direct sums and the image of 
the fully faithful functor D b Sing (X ) — > D' Sing (X ) is a set of compact generators in 
the target. Furthermore, it follows from the proof of Theorem 2.8 that any object 
of D' Sing (X ) can be represented by a quasi-coherent sheaf on X and the direct 
sum of an infinite family of such objects is represented by the direct sums of such 
sheaves (see Remark 2.8). Thus the functor D' Sing (Z) — > D s g ing (Z), being an infinite 
direct sum-preserving triangulated functor identifying triangulated subcategories of 
compact generators, is an equivalence of triangulated categories. □ 

We keep the assumptions of Theorem and the notation of the last paragraph of 
its proof, i. e., X is a regular separated Noetherian scheme of finite Krull dimension 
with enough vector bundles and X C X is the divisor of zeroes of a locally nonzero- 
dividing section w G C(X). The closed embedding X — > X is denoted by i. 

Corollary. The functor A: D co ((X, C, w)-qcoh, f ) ~ D co ((X, C, w)-qcoh) — > 

D 5 g ing (X ) assigning to a locally free (or just w-flat) quasi- coherent matrix factoriza- 
tion M. the acyclic complex of locally free (or quasi- coherent) sheaves i*M. on X is 
an equivalence of triangulated categories. 

Proof. Given a w-flat matrix factorization Ai, the complex of sheaves i*Ai on X is 
acyclic by [31, Lemma 1.5]. Clearly, the assignment M. i — > i* M. defines a triangu- 
lated functor D co ((X, £, w)-qcoh w _ n ) — ► D% ng (X ). 

To prove that this functor is an equivalence of categories, it suffices to identify 
it, up to a shift, with the composition of the equivalences D co ((A, C, w)-qcoh !f ) — > 
D' Sing (X ) — > D% (X ). Here one simply notices that for any M G D co ((X, C,w) 
-qcoh| f ) the complex i*Ai is isomorphic in D s g ing (X ) to its canonical truncation 
r<ii*M, and the latter complex is the cocone of the morphism into H(A4) from one 
of its left locally free resolutions. So the functor A is identified with E[— 1]. □ 

2.10. Supports. This section paves the ground for the results about preservation of 
finite rank or coherence by the push-forwards of matrix factorizations with proper 
supports, which will be proven in Sections 2.12-2.13. 
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Let X be a separated Noetherian scheme and T C X be a Zariski closed subset. 
Denote by X-cohy the abelian category of coherent sheaves on X with the set- 
theoretic support in T; and similarly for quasi-coherent sheaves. 

It is a well-known fact (essentially a reformulation of the Artin-Rees lemma) 
that the embedding of abelian categories X-qcoh T — > X-qcoh takes injectives to 
injectives. It follows that the functor D b (X-cohr) — > D b (X-coh) is fully faithful. 
Clearly, its image is a thick subcategory and the corresponding quotient category can 
be naturally identified with D b (£/-coh), where U = X \ T (cf. Section 1.10). 

Assume additionally that X has enough vector bundles. Let Perf T (X) C Perf(X) 
denote the full subcategory of perfect complexes with the cohomology sheaves set- 
theoretically supported in T. By the above result, Perf T (X) can be considered 
as a thick subcategory in D b (X-cohj'). According to [28, Lemma 2.6], the functor 
D b (X-coh T )/Per/ T (X) — > D b Sing (X) induced by the embedding D b (X-coh T ) — > 
D b (X-coh) is fully faithful. We denote the source (or the image) category of this 
functor by D b m9 (X,T). 

By [6, Theorem 1.3], the restriction functor D b Sing (X) — > O b ing (U) is the Verdier 
localization functor by the triangulated subcategory D b ing (X,T). In particular, the 
kernel of the restriction functor coincides with the thick envelope of (i. e., the minimal 
thick subcategory containing) D b Sing (X, T) in D b Sing (X). 

Now we are going to establish the similar results for the triangulated categories 
of relative singularities. Let i: Z — > X be a closed subscheme such that i*Oz £ 
Perf(X), and let Perf(Z/X) = D b (Ez/x) (see Remark 2.1) denote the thick sub- 
category in D b (Z-coh) generated by Li*D b (X-coh). Let T C Z be a Zariski closed 
subset; put U = X \ T and V — Z\T. We denote by Perf T {Z/X) the full sub- 
category of all objects of Perf (Z / X) with the cohomology sheaves set-theoretically 
supported in T. Consider it as a thick subcategory in D b (Z-cohy), and denote by 
D b Sing (Z/X,T) the quotient category D b (Z-coh T )/Perf T {Z/X). 

Lemma, (a) The functor D b Sing (Z/X, T) — > D b Sing (Z/X) induced by the embedding 
D b (Z-coh T ) — > D b (Z-coh) is fully faithful. 

(b) The restriction functor D b ing (Z/X) — > D b - n9 (Vy£7) is the Verdier localization 
functor by the triangulated subcategory D b Sing (Z/X, T). In particular, the kernel of the 
restriction functor coincides with the thick envelope of D b Sing (Z/X, T) in D b Sing (Z / X) . 

Proof. The proof of part (a) is similar to that of [28, Lemma 2.6]. One only needs to 
notice that the tensor product of an object of Perf(Z/X) with an object of Perf(Z) 
belongs to Perf(Z/X). This follows from the fact that Perf(Z) as a thick subcat- 
egory in D b (Z-coh) is generated by the restrictions of vector bundles from X (see 
Section 2.1). Part (b) is true, since the thick subcategory Perf(V/U) C D b (V-coh) is 
generated by the image of the restriction functor Perf(Z/X) — ► Perf(V/U), which 
is because any coherent sheaf on U can be extended to a coherent sheaf on X. □ 

Let £ be a line bundle over X and w G C(X) be a section; set X = {w = 0} C X. 
The definitions of the set-theoretic and category-theoretic supports SuppA^ and 
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supp M. of a coherent matrix factorization M. G (X, £, u>)-coh were given (in a 
greater generality of coherent CDG-modules) in Section 1.10. 

Given a locally free matrix factorization of finite rank Ai e (X, £, w)-coh|f , define 
the (category-theoretic) support suppA^ C X as the minimal closed subset T C X 
such that the restriction M\u of M to the open subscheme C/ = X \ T is abso- 
lutely acyclic with respect to (U, jC\u,w\u)-coh\{. By Corollary 2.3(i), the definitions 
of category-theoretic supports of coherent matrix factorizations and of locally free 
matrix factorizations of finite rank agree when they are both applicable. 

Equivalently, for a locally free matrix factorization M. of finite rank over X, the 
open subscheme X \ supp M. is the union of all affine open subschemes U C X such 
that the matrix factorization Ai\u is contractible (see Remark 1.3). For any coherent 
matrix factorization M. one has supp.M C X , since any matrix factorization of an 
invertible superpotential is contractible (cf. [31, Section 5]). 

Let T C X be a closed subset. Denote by Dy bs ((X, £, w)-coh|f) (respectively, 
D^ bs ((X, £, iu)-coh)) the quotient category of the homotopy category of locally free 
matrix factorizations of finite rank (resp., coherent matrix factorizations) supported 
category-theoretically inside T by the thick subcategory of matrix factorizations ab- 
solutely acyclic with respect to (X, £, u>)-coh| f (resp., (X, £, w)-coh). Clearly, the 
functors D^ bs ((X, £, w)-coh if ) — > D abs ((X, £, w)-coh, f ) and D^ bs ((X, £, w)-coh) — > 
D abs ((X,£,w)-coh) are fully faithful [31]. 

By the definition, the thick subcategories Df, bs ((X, £, w)-coh\ f ) C D abs ((X, £, w) 
-cohif) and Df, bs ((X, £, w)-coh) C D abs ((X, £, w)-coh) only depend on the in- 
tersection X fl T (rather than the whole of T). Equivalently, they can be 
defined as the full subcategories of objects annihilated by the restriction functors 
D abs ((X,£,w)-coh| f ) — > D abs ((f/,£| [/ ,w| [/ )-coh| f ) and D abs ((X, £, w)-coh) — > 
D 3hs {{U, £\u, w\u)-cq\\), where U — X\T. 

As in Section 1.10, we denote by D abs ((X, £, w)-coh T ) the absolute derived category 
of coherent matrix factorizations with the set-theoretic support in T. The functor 
D abs ((X, £, w)-coh T ) — > D abs ((X, £, w)-coh) is fully faithful by Proposition 1.10(d). 
By Corollary 1.10(b), the full subcategory Df s {{X, £, w)-coh) C D abs ((X, £, w)-coh) 
is the thick envelope of the full subcategory D abs ((X, £, w)-coh T ). 

Now assume that w : Ox — > £ is an injective morphism of sheaves. 

Proposition, (a) The equivalence of categories D abs ((X, £, w)-coh) ~ D b in5 (X /X) 
identifies the triangulated subcategory D abs ((X, £, w)-coh T ) with the triangulated sub- 
category D b inff (X /X, X nT). In particular, the former triangulated subcategory only 
depends on the intersection Xq fl T. 

(b) The full preimage of the thick envelope of the triangulated subcategory 
D^ ns (X ,X nT) C D b Smg (X ) under the fully faithful functor E: D abs ((X, £, w)-coh, f ) 
— > D b in5 (X ) coincides with the triangulated subcategory D^ bs ((X, £, w)-coh|f). 

Proof. Part (b) follows from the fact that the thick envelope of D b Sing (X , X fl T) is 
the kernel of the restriction functor D b infi (X ) — > D b Sing (X \ T), the similar fact for 
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D^ bs ((X, £, w)-coh|f), and the compatibility of the functors £ with the restrictions to 
open subschemes, together with their full-and-faithfulness. 

To prove part (a), notice first that the functor T obviously takes D b Sing (X /X, X Q n 
T) into D abs ((X,£,w)-coh T ). Let us check that the functor LS takes D abs ((X, C, w) 
-coh T ) into D b Sing (X /X, X f]T). Let M. be a coherent matrix factorization supported 
set-theoretically in T. Present M. as the cokernel of an injective morphism of w-flat 
coherent matrix factorizations /C — > N '. The functor LS being triangulated, the 
object LS(Ai) G D b Sing (X /X) is isomorphic to the cone of the morphism S(/C) — > 
H(jV) (cf. Lemma 2.13). The morphism S(/C) — )> S(jV) of coherent sheaves on X is 
an isomorphism outside T, so its kernel and cokernel are supported in X n T. Thus 
the cone is quasi-isomorphic to a two-term complex of coherent sheaves on X with 
the terms supported set-theoretically in X n T. □ 

2.11. Pull-backs and push- forwards in singularity categories. Let /: F — )> 

X be a morphism of separated Noetherian schemes with enough vector bundles. The 
morphism / is said to have finite flat dimension if the derived inverse image functor 
hf* : D-(X-qcoh) — > D-(F-qcoh) takes D b (X-qcoh) to D b (F-qcoh). 

In this case, the functor hf* induces the inverse image functors on the triangulated 
categories of singularities 

f:D' 5ms pT) >D' Smg (Y) 

r--V h Smg {X) >D% mg (Y). 

Under the same assumption of finite flat dimension, the derived direct image func- 
tor R/*: D b (F-qcoh) — > D b (X-qcoh) takes D b (F-qcoh fl ) to D b (X-qcoh fl ), as one 
can see by computing R/* in terms of an afhne covering of Y in the spirit of the 
proof of Proposition 1.9. When the scheme X has finite Krull dimension, one has 
D b (X-qcoh f |) = D b (X-qcoh| f ), so the functor R/* induces the direct image functor 

U D' Smg (Y) > D' Smg (X), 

which is right adjoint to f°. 

Whenever the morphism / is proper of finite type and has finite flat dimension, 
the functor R/* takes D b (F-coh) to D b (X-coh) [11, Theoreme 3.2.1] and induces the 
direct image functor 

U D b Smg (Y) y D b Smg (X), 

which is right adjoint to f° [27, paragraphs before Proposition 1.14]. More generally, 
for a morphism / of finite flat dimension and any closed subset T C Y such that (a 
closed subscheme structure on) T is proper of finite type over X, the functor R/* 
takes D b (y-cohT') to D b (X-coh) and induces the direct image functor 

/ : D b Smg (Y,T) ► D b Smg (X). 

Indeed, the intersection of D b (X-qcoh f |) and D b (X-coh) in D b (X-qcoh) is equal to 
D b (X-coh|f), as any complex of finite flat dimension with bounded coherent coho- 
mology is easily seen to be perfect. 
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Let Z C X and W C Y be closed subschemes such that Oz is a perfect (9x-module, 
is a perfect Oy-module, and f(W) C Assume that both morphisms /: Y — > 
X and f\w : W — > Z have finite flat dimensions. Then the derived inverse image 
functor hf\* w : D b (Z-qcoh) — > D b (W-qcoh) induces the inverse image functors on 
the triangulated categories of relative singularities 

/°: Vsin 9 {Z/X) > D' Smg (W/Y) 

r- V Smg (Z/X) ► D b Smg (W/Y). 

Now let Z C X be a closed subscheme; set W = Z x x Y. Denote the closed 
embeddings Z — > X and W — > Y by i and i' , respectively; let also /' denote the 
morphism f\w' W — > Z. Assume that W coincides with the derived product of 
Z and Y over X, i. e., hf*i*Oz = i'*Qw- Assume further that i*Oz is a perfect 
(9x- m odule; then also i'JDw is a perfect CV-module. 

For any M. G D b (F-qcoh) there is a natural morphism 4> M : Li*R/*A^ — > 
~§if'Jui'*M. in D b (Z-qcoh). Using the projection formula for tensor products with 
perfect complexes, one easily checks that the morphism i*<f>M is an isomorphism. 
Hence so is the morphism since the functor i* does not annihilate any objects 
of the derived category. Hence we obtain the induced functor of direct image 

/o= %in 9 {W/Y) y D' Smg (Z/X). 

When the morphism / is proper of finite type, there is also the induced functor 

f : D h Smg (W/Y) ► D b Smg (Z/X). 

Assume additionally that the morphism / has finite flat dimension; then so does 
the morphism /'. In this case the functor f Q : D' Sing (W/Y) — > D' Sing (Z/X) is right 
adjoint to the functor /°: D' Sing (Z/X) — > V'sing( w / Y )- when the morphism / is 
proper of finite type, the functor f Q : D b Sing (W/Y) — > D b Sing (Z/X) is right adjoint to 
the functor f : D b Smg (Z/X) — ». D b Sing (W/Y). 

Remark. In the case when Z is a Cartier divisor in X, we will construct the functor 
f : D b ing (W/Y) — > D b ing (Z/X) under somewhat weaker assumptions below in Sec- 
tion 2.12. Namely, it will suffice that the morphism /': W — > Z be proper of finite 
type, while the morphism / : Y — > Z need not be. A generalization to the case of 
proper support will also be obtained. 

2.12. Push-forwards of matrix factorizations. Let /: Y — > X be a morphism 
of separated Noetherian schemes with enough vector bundles, £ be a line bundle on 
X, and w G C(X) be a section. 

Set Bx = (X, £, w) and By = (Y, f*C, f*w); then there is a natural morphism of 
CDG-algebras Bx — > By compatible with the morphism of schemes /: Y — > X. 
Therefore, according to Section 1.8, there are the derived inverse image functors 

L/*: D c °((X,£,^)-qcoh ffd ) ► D co ((F, f*C, f*w)-qcoh ffd ) 



Lf: D abs ((X,£, W )-coh ffd ) > D abs ((F, f*C, f*w)-coh 



ffd; 
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and the derived direct image functor 

R/*: D co ((Y,f*C,f*w)-qcoh) > D co (X, C, w)-qcoh). 

The latter two functors are "partially adjoint" to each other. 

Given a triangulated category D, we denote by D its idempotent completion. By [1, 
Section 1], the category D has a natural structure of triangulated category. 

Lemma. For any closed subset T C Y such that (for a closed subscheme structure on 
T) the morphism f\r'- T — > X is proper of finite type, the functor R/* takes the full 
subcategory D abs ((F, /*£, f*w)-coh T ) C D co ((Y", /*£, f*w)-qcoh) into the full sub- 
category D abs ((X, C, w)-coh) C D co ((X, C, w)-qcoh), thus definining a triangulated 
functor of direct image 

R/„: D abs ((F,r£,r«;)-coh T ) > D abs ((X, £, w)-coh). 

Consequently, there is the triangulated functor 

Wf* ■ Df s ((Y,f*C,f*w)-coh) ► D abs ((X,£,w)-coh). 

Proof. We will use the construction of the functor R/* : D co ((Y, /*£, /*w)-qcoh) — )> 
D co (X, C, w)-qcoh) similar to the one in the proof of Proposition 1.9 (see Remark 1.9). 
According to this construction, given a matrix factorization Ai e (Y, f*C, /*w)-qcoh, 
the object R i /*.M G D co ((X, £, w)-qcoh) is represented by the total matrix factor- 
ization R{t/ a }/*A^ of the finite Cech complex f*C* Ua yAi of matrix factorizations 
on X. The derived functor of direct image of complexes of quasi-coherent sheaves 
R/*: D b (F-qcoh) — > D b (X-qcoh) can be constructed in the same way. 

By [11, Theoreme 3.2.1], the latter functor takes D b (F-coh T ) into D b (X-coh). 
Hence the cohomology matrix factorizations of the finite complex of matrix factoriza- 
tions f*C%jx M. belong to (X, C, w)-coh when the matrix factorization M. belongs to 

(YJ*£,f*w)-coh T . It follows that the object R/*.M belongs to D abs ((X, C, w)-coh) 
C D C0 ((X, C, w)-qcoh) in this case. 

To prove the last assertion, it remains to apply Corollary 1.10(b). □ 

Now assume that both morphisms of sheaves w: Ox — > £ and f*w: Oy — > 
f*C are injective. Let Xo C X and Yq G Y denote the closed subschemes defined 
locally by the equations w = and f*w = 0, respectively. In this setting, we will 
compare the constructions of direct image functors for matrix factorizations and for 
the triangulated categories of relative singularities, and prove the assertions of Lemma 
in a different way. Recall that in Section 2.11 we have constructed the functor of direct 
image f a : D' Smg (Y /Y) — ► D' Smg (X /X). 

Proposition, (a) Whenever the morphism fo = /|y : Yq — > Xq is proper of 
finite type, the functor R/* takes the full subcategory D abs ((Y, /*£, f*w)-coh) C 
D co ((F,/*£,/*w)-qcoh) into the full subcategory D abs ((X, £, w)-coh) C D co {{X,C,w) 
-qcoh), thus defining a triangulated functor 

R/* : D ab5 ((Y,f*C,f*w)-coh) > D abs ((X, £, w)-coh). 
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(b) For any closed subset T C Y Q such that (for a closed subscheme structure onT) 
the morphism /o|t : T — > X is proper of finite type, the functor f Q takes the full 
subcategory D b Smg (Y /Y,T) C D' Smg (Y /Y) into the full subcategory D b Smg (X /X) C 
D' Sing (X /X), thus defining a triangulated functor 

f : D b Smg (Y /Y,T) ► D b Smg (X /X). 

(c) The equivalences of categories D abs ((Y", f*C, f*w)-coh T ) ~ D b Sing (X /X,T) 
from Proposition 2.10(a) and D abs ((X, £, w)-coh) ~ D b Sing (X /X) from Theo- 
rem 2.7 transform the direct image functor R/* : D abs ((Y, f*C, /*w)-cohr) — >• 
D abs ((X, £, w)-coh) /rom Lemma into the direct image functor f Q from part (b). 

Proof. Part (a) follows from Lemma and Proposition 2.10(a), or alternatively, from 
part (b) and the proof of part (c) below. In part (b), the fact of key impor- 
tance is that the functor D b Smg (X /X) — > D' Smg (X /X) is fully faithful (by The- 
orem 2.8). The functor / Q takes D b ing (Y /Y, T) into D b Sing (X /X), because the func- 
tor R/o*: D b (r -qcoh) — ► D b (X -qcoh) takes D b (Y -coh) into D b (X -coh) [11]. To 
prove part (c), we will check that the equivalences of categories from Theorem 2.8 
transform the functor R/*: D co ((Y", f*C, /*w)-qcoh) — > D co ((X, £, w)-qcoh) into 
the functor f Q : D' Stng (Y /Y) — > D' Sing (X / X) . (Together with part (b) and Propo- 
sition 2.10(a), this will also provide another proof of Lemma.) 

For this purpose, extend the functor T Y ■ D b (F -qcoh) — > D co ((Y, /*£, /*w)-qcoh) 
to a functor Ty : D + (F -qcoh) — > D co ((F, f*C, /*w)-qcoh) in the obvious way (tak- 
ing infinite direct sums of quasi-coherent sheaves in the construction of the matrix 
factorization Ty(J 7 *)). The functor Ty is well-defined, since any bounded below 
acyclic complex of quasi-coherent sheaves is coacyclic [34, Lemma 2.1]. Furthermore, 
the functor Ty can be presented as the composition of the "periodicity summation" 
functor D + (F -qcoh) — > D CO ((F , i'*f*C, 0)-qcoh) taking values in the coderived 
category of quasi-coherent matrix factorizations of the zero potential on Y , and 
the functor of direct image < : D co ((r , i"7*A 0)-qcoh) — > D co ((F, /*£, /*w)-qcoh) 
with respect to the closed embedding %' . 

The functors R/ * : D+(F -qcoh) — >■ D+(X -qcoh) and R/* : D co ((F, f*C, f*w) 
-qcoh) — > D co ((X, C, w)-qcoh) form a commutative diagram with the functors T x 
and Ty. Indeed, the "periodicity summations" of bounded below complexes of quasi- 
coherent sheaves on Y and X , taking injective resolutions to injective resolutions, 
obviously commute with the derived direct images with respect to /', as the direct 
image preserves infinite direct sums. Furthermore, the derived direct images of quasi- 
coherent matrix factorizations are compatible with the compositions of morphisms of 
schemes (see Remark 1.8), hence also commute with each other. It follows that the 
functors R/* and f a agree as they should. (Alternatively, one can prove this in the 
way similar to the proof of Proposition 2.13 below.) □ 

2.13. Push-forwards for morphisms of finite fiat dimension. Let /: Y — > X 

be a morphism of finite flat dimension between separated Noetherian schemes with 
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enough vector bundles, £ be a line bundle on X, and w G £(X) be a section. As 
in Section 2.12, we have a natural morphism of CDG-algebras Bx = (X,£,w) — > 
By = (Y, f*£, f*w) compatible with the morphism of schemes Y — > X. 

The quasi-coherent graded algebra By has finite flat dimension over Bx- Therefore, 
according to Section 1.9, there are derived inverse image functors 

Lf : D co ((X,£, W )-qcoh) > D co ((F, f*£, f*w)-qcoh) 

Lf: D abs ((X,£, W )-coh) > D abs ((F, f*£, fw)-coh), 

the former of which is left adjoint to the functor R/* : D co ((Y, f*£, /*w)-qcoh) — >■ 
D co (X,£,w)-qcoh) from Section 2.12. 

Furthermore, according to Proposition 1.9, there is a derived direct image functor 

R/*: D co ((y,r£,r W )-qcoh ffd ) - D co ((r, f £, f W )-qcoh fl ) 

y D co ((X,£, W )-qcoh ffd ) ~ D c °((X,£, W )-qcoh fl ) 

which is right adjoint to the functor Lf* : D co ((X, £, w)-qcoh ffd ) — > D co ((Y,f*£, 
/*w)-qcoh ffd ) from Section 2.12. 

Now assume that X and Y have finite Krull dimensions. Recall that the 
natural triangulated functors D abs ((X, £, w)-coh|f) — > D co ((X, £, w)-qcoh f! ) and 
D abs ((F,/*£,/*w)-coh| f ) — > D co ((Y,f*£,f*w)-qco\) are fully faithful by Corol- 
lary 2.3(e) and (j). 

As in the second half of Section 2.12, assume that both morphisms of sheaves 
w : Ox — > £ and f*w : Oy — > f*£ are injective, and denote by f : Y — > X the 
induced morphism between the zero loci schemes of f*w and w. Since the morphism 
/ has finite flat dimension, so does the morphism f . 

Proposition, (a) Whenever the morphism f is proper of finite type, the func- 
tor R/,: D co ((F,/*£,/*w)-qcoh fl ) — > D co ((X, £, w)-qcoh fl ) takes the full subcat- 
egory D abs ((Y, f*£, /*w)-coh|f) C D co ((Y, f*£, f*w)-qcoh n ) into the full subcategory 
D abs ((X,£,w)-coh| f ) C D co ((X,£,w)-qcoh fl ). Besides, the functor f 0o : D b mg {Y ) 
— ► D b Sing (X ) takes the full subcategory D abs ((F, f*£, f*w)-coh if ) C D b Sing (Y ) into 
the full subcategory D abs ((X, £, u>)-coh|f) c D b Sing (X ). Both restrictions define the 
same triangulated functor 

R/„: D abs ((F,r£,r W )-coh lf ) > D abs ((X,£, W )-coh lf ). 

(b) For any closed subset T C Y such that (for a closed subscheme struc- 
ture on T) the morphism fo\r' T — > X is proper of finite type, the functor 
R/*: D co ((F,/*£,/*w)-qcoh fl ) — > D co ((X, £, w)-qcoh fl ) takes the full subcate- 
gory Dy bs ((Y, f*£, /*w)-coh| f ) C D co ((Y, f*£, /*w)-qcoh f ,) into the thick envelope 
of the full subcategory D abs ((X, £, w)-coh\ f ) C D co ((X, £, w)-qcoh f! ). Besides, 
the triangulated functor f 0o : D b Sing (Y ,T) — > D b . n9 (X ) takes the full subcategory 
D^ bs ((Y, f*£, f*w)-coh\f) C D b Sing (Y ,T) into the thick envelope of the full subcategory 
D abs ((X, £, w)-coh|f) C D b . (Xq). Both restrictions define the same triangulated 
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functor 

Wf*- D^((F,/*£,/* W )-coh lf ) > D^((X,£,w)-coh, f ). 

Proof. Both categories D co ((X, £, iu)-qcoh f |) and D b in9 (X ) are full triangulated sub- 
categories of the triangulated category D' Sing (Xo) (see Proposition 2.8 and [27, Propo- 
sition 1.13]). Their (essential) intersection is the category D abs ((X, C, w)-coh\f). In- 
deed, an object of J 7 G D b Sing (X ) belongs to D abs ((X, £, w)-coh\ f ) if and only if the 
object ioJ 7 vanishes in D b Sing (X) (Theorem 2.7); an object J 7 G D' Si (X ) belongs 
to D co ((X, £, w)-qcoh f[ ) if and only if the object ioJ 7 vanishes in D' Sing (X) (Proposi- 
tion 2.8); and the functor D b Smg (X) — > D' Smg (X) is fully faithful. 

Moreover, the (essential) intersection of D co ((X, £, w)-qcoh f |) with the thick en- 
velope of D b Smg (X ) in D' Smg (X ) is the thick envelope of D abs ((X,£, w)-coh\f) in 

D' Sing (X ). Indeed, for any triangulated category D and any object A G D one has 
A © A[l] G D [38, Theorem 2.1], as A © B G D implies A © A[l] G D in view of 
the distinguished triangle A® B — > A® B — > A © A[l] — > A[l] © B[l\. Now 
let Ai be an object of the intersection we are interested in; then Ai © -M[l] belongs 
to both D co ((X,£,w)-qcoh fl ) and D b Sing (X Q ), hence also to D abs ((X, £, w)-coh, f ), and 
consequently M. belongs to the thick envelope of D abs ((X, £, w)-coh|f). 

Thus it remains to show that the direct image functor R/*: D co ((X, C, w)-qcoh H ) 
— > D co ((X, C, w)-qcoh f |) agrees with the direct image functor f 0o : O' Sing (Y ) — > 
D' Sing (Xo). The latter assertion does not depend on any properness assumptions. 

Recall that the derived functor M/* was constructed in the proof of Proposition 1.9 
in terms of the Cech complex whose terms are direct sums of the CDG-modules 
f\v*M\ v , where M G D co ((F, /*£, /*w)-qcoh ffd ) and V C Y. The derived direct 
image M/o* : D b (F -qcoh) — > D b (X -qcoh) can be constructed in the similar way; 
moreover, one can use for this purpose the restriction to Y of an affine open covering 
U a of the scheme Y. 

We will make use of the flat dimension analogue of Corollary 2.6(d). Let T,' x and E y 
denote the obvious extensions of the functors E' from (X, C, w)-qcoh| f to the category 
of w-flat matrix factorizations of finite flat dimension (X, C, w)-qcoh UJ _ f | nffd and from 
*w)— qcoh| f to (Y, f*£,, f*w)—c\cohf* w _f\ n ff d (see the proofs of Proposition 2.8 
and Theorem 2.7). Notice that the direct image functors f\v* take /*u>-flat sheaves 
to tu-flat sheaves and (V, f*C\ v , f*w\ v )-qcoh f , w _ mffd to (X, C,w)-qcoh w _ mffd . 

Let Af be a matrix factorization from (Y, f*£, f*w)-qcohf* w _^ nf{l} . Since the 
open subschemes V are presumed to be affine, there are natural isomorphisms 
Y! x (f\v*N\v) — /o|ynY *S / y(A/')|ynYo of quasi-coherent sheaves on X . Now it 
remains to use the next lemma. □ 

Lemma. Let M.~ n — > ■ ■ ■ — > M. N be a finite complex of matrix factorizations from 
(X, £,w)-qcoh w _ mffd and M. be its totalization. Then the complex E'(.M~ n ) — > 
• • • — > T/{M. N ) and the quasi- coherent sheaf E'(A^) on X represent naturally iso- 
morphic objects in the triangulated category of singularities D' Sing (X ). The same 
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applies to a finite complex of matrix factorizations from (X, £, w)-qcoh w _ f \, the func- 
tor S, and the triangulated category of relative singularities D" Sing (X Q / X) . 

Proof. For each — n < p < N, the restriction of the matrix factorization M. p to 
the closed subscheme Xo C X is an unbounded complex of quasi-coherent sheaves 
i*M. p ''. By [31, Lemma 1.5], this complex is acyclic. 

The complex H'(Ai~ n ) — > ••■ — > H'(Ai N ) of quasi-coherent sheaves on Xo is 
quasi-isomorphic to the total complex of the bicomplex /C*'* with the terms /C p '° = 
i*M pfl , JC P >- 1 = i*M p >-\ IC P '- 2 = ker^MP'- 1 -> i*M pfi ), and K p < q = for q ^ 0, 
— 1, —2. Similarly, the quasi-coherent sheaf S'(A^) on X is quasi-isomorphic to the 
total complex of the bicomplex £*'* with the terms S p,p = i*M p,p , S p ' p ~ 1 = i*M p,p ~ l , 
£p,p-2 = ker(i*yW p - p - 1 ->■ i*M p ' p ), and £ p ' q = for q - p ^ 0, -1, -2. 

We can assume that N, n > 0. Consider the bicomplex J 7 *'* with the terms 
jzva = i*M p > q for -n - 1 < q < N, = ker(i*yW p '- n - 1 ->■ i*M p ^ n ), and 

jrp,q = q f or q < _ n — 2 or g > X. Then there are natural surjective morphisms of 
bicomplexes J 7 *'* — > /C*'* and J 7 *'* — > £°'° . The kernels of both morphisms are the 
direct sums of a finite bicomplex of quasi- coherent sheaves of finite flat dimension 
on X and a finite bicomplex of quasi- coherent sheaves on X with acyclic columns. 
Thus both morphisms become isomorphisms in D' Sing (X ). □ 

Remark. One would like to have a theory of set-theoretic supports for locally free 
matrix factorizations of finite rank that would allow to prove the above Proposition 
in the way similar to the proof of Lemma 2.12. However, we do not know how to do 
this. In particular, we do not know whether every locally free matrix factorization 
of finite rank with the category-theoretic support in T is isomorphic in the absolute 
derived category to a direct summand of an object represented by a coherent matrix 
factorization of finite flat dimension with the set-theoretic support in T. 

Another alternative approach to proving Proposition would be to show that the 
intersection of the full subcategories D abs ((X, C, w)-coh) and D abs ((X, C, u>)-qcoh| f ) in 
the absolute derived category D abs ((X, C, w)-qcoh) coincides with the full subcategory 
D abs ((X, C, u>)-coh|f). We do not know whether this is true. 

2.14. Duality and push-forwards. In this section we discuss the compatibility 
properties of the derived inverse and direct image functors for matrix factorizations 
with the Serre-Grothendieck duality functors from Section 2.5. 

Let X be a separated Noetherian scheme with a dualizing complex V' x , and let 
/ : Y — > X be a separated morphism of finite type. As usually, we set T>y = f'T>' x 
(see [24, Example 4.2] and [12, Remark before Proposition V.8.5]). This formula 
defines the dualizing complex Vy up to a natural quasi-isomorphism only, and we 
presume this derived category object (as well as V' x ) to be represented by a finite 
complex of injective quasi- coherent sheaves. 

Assume that the morphism / is smooth of relative dimension n, so the functor f l 
is naturally isomorphic to wy/x[n] ®o Y /*> where coy/x is the line bundle of relative 
top forms. In particular, V Y ~ wy/xN ®o Y f*^x (where f*V* x is also presumed 
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to have been replaced by a complex of injectives). Then it is clear that the equiva- 
lences of categories V' x ® O x —'- D co ((X, £, w)-qcoh f! ) — > D co ((X, C, u>)-qcoh) and 
f*V x ® 0y D co ((F,/*£,/*w)-qcoh fl ) — >■ D co ((Y, f*£, f*w)-qcoh) transform the 
inverse image functor for flat matrix factorizations /*: D co ((X, £, u»)-qcoh f! ) — > 
D co ((Y, f*C, /*w)-qcoh f! ) into the (underived, as the morphism / is flat) inverse 
image functor for quasi- coherent matrix factorizations /*: D co ((X, C, w)-qcoh) — > 
D c °((y,/*£,f^)-qcoh). 

Furthermore, for any quasi-coherent matrix factorization Ai on X there is a nat- 
ural morphism of finite complexes of matrix factorizations /* T-Lomx-qd-M, T> x ) — > 
n OTYiy-qcif* -M ; f*1^x) on ^ ■ When Jv{ is a coherent matrix factorization, this is a 
quasi-isomorphism of complexes of matrix factorizations (since the similar assertion 
holds for coherent sheaves [12, Proposition II. 5. 8]), so the related morphism of to- 
tal matrix factorizations has an absolutely acyclic cone. Thus the anti-equivalences 
of categories Uom X - q c{-, V\) : D abs ((X, C, -w)-coh) op — > D abs ((X, C, w)-coh) and 
nom Y - q c(-,f*V x ): D ab5 ((Y,f*C,-f*w)-coh) op — > D abs ((F, f*C, f*w)-coh) form a 
commutative diagram with the inverse image functors /* for coherent matrix factor- 
izations. 

Now we drop the smoothness assumption and make our usual assumption of proper- 
ness of support instead. 

Proposition. Let T C Y be a closed subset such that that (for some closed sub- 
scheme structure on T) the morphism f\r'T — > X is proper. Then the derived 
direct image functor R/*: D| bs ((y, f*C, /*w)-coh) — > D abs ((X, C, w)-coh) and the 
similar functor for the potential — w form a commutative diagram with the Serre 
duality functors Hom Jf _ qc (-,D^): D abs ((X, C, -w)-coh) op — > D abs ((X, C, w)-coh) 
and Hom Y - qc (-,V Y ): D abs ((F, /*£, -f*w)-coh)°? — ► D*°((Y, f*C, f*w)-coti). 

Two proofs of Proposition are given below. One of them is based on the theory of 
set-theoretic supports of coherent CDG-modules developed in Section 1.10 and the 
arguments similar to the proof of Lemma 2.12. It does not depend on the assumption 
about w and f*w being local nonzero-divisors and does not mention the zero loci. 
The other proof is based on the passage to the triangulated categories of relative 
singularities and uses Proposition 2.12(c). 

First proof. First of all, the duality functor Hom y _ qc (-, V Y ) : D abs ((F, /*£, -f*w) 
-qcoh) op — > D abs ((F,/*£,/*w)-qcoh) obviously takes the full subcategory D abs ((F, 
/*£, — f*w)-coh T ) op into D abs ((Y, /*£, f*w)-coh T ) and vice versa. As in the proof 
of Lemma 2.12, we will use the construction of the functor M/*: D abs ((Y, f*C, f*w) 
-qcoh) — > D abs ((X, C, u>)-qcoh) similar to the one from the proof of Proposition 1.9 
(see Remarks 1.8 and 1.9). 

Let {U a } and {Vp} be two affine open coverings of the scheme Y. For any matrix 
factorization M e (Y, f*C, —f*w)-c\coh, there is a natural morphism of bicomplexes 
of matrix factorizations f*C' Ua y Homr_ qc (A/', V Y ) — > Homx-qc{f*N, f*C' Ua yT) Y ). 
Passing to the total complexes and taking the composition with the adjunc- 
tion morphism f*C' {Ua} V Y = Rf*V Y = RfJ l V' x — > V x , we obtain a natural 
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morphism of complexes of matrix factorizations f*C' Ua y Homy-qdN, V Y ) — > 
'Homx-qc(f*N,T>x) (cf. [24, beginning of Section 6]). 

Substituting Af = C' V ^M for some M. G (Y, f*C, —f*w)-qcoh, we get a natural 

morphism of bicomplexes of matrix factorizations f*C'u a } ^ om ^-qc(C{v r ^}- / ^' ^y) 
0777,x-qc(/*C{y a }- / ^, T^'x) ■ When M. is a coherent matrix factorization sup- 
ported set-theoretically in T, the induced morphism of the total complexes is a 
quasi-isomorphism of complexes of matrix factorizations by the conventional Serre- 
Grothendieck duality theorem for bounded derived categories of coherent sheaves 
and proper morphisms of schemes (see [12, Theorem VII. 3. 3] or [24, Section 6]). 
Hence the induced morphism of the total matrix factorizations is an isomorphism in 
D abs ((X, £, w)-qcoh), and consequently also in D abs ((X, C, w)-coh). □ 

Second proof. Assume that w and f*w are locally nonzero-dividing sections of the 
respective line bundles. Let i: X — > X be the zero locus of w and %' : Y — > Y 
be the zero locus of f*w. As above, we set T> Xq = M.i l V x and T> Yo = M.i n V Y [12, 
Proposition V.2.4], and presume all these dualizing complexes to be finite complexes 
of injective quasi-coherent sheaves. 

The duality functor "Homy_ qc (— , V Y ) : D abs ((F, f*C, -f*w)-coh) op — > D abs ((F, 
f*C, /*u>)-coh) is compatible with the restrictions to the open subscheme Y \ T 
and therefore identifies the full subcategories Dy bs ((Y, f*C, — /*w)-coh) op and 
D^ bs ((Y, f*C, f*w)-coh). To prove the proposition, we will define the Serre du- 
ality functors on the triangulated categories of relative singularities D b Sing (Y /Y) 
and D b Sing (X/X ), then check that the equivalences of triangulated categories 
LS = T _1 commute with the dualities, and finally reduce to the conventional 
Serre-Grothendieck duality theorem for bounded complexes of coherent sheaves. 

The duality functor Hom Xo - q c(-,^ ) : D b (X -coh) op — > D b (X -coh) takes ob- 
jects of the form Li*/C*, where /C* G D b (X-coh), to similar objects. Indeed, one has 
nom Xo - q c{^i*IC',V XQ ) ~ m l Hom X - qc (fc','D x ) [12, Proposition V.8.5] and Rv ~ 
£\x [ — 1] ®o x ^* (see the proof of Theorem 2.7). Therefore, we have the induced du- 
ality functor iom Irf (-^J: D b Smg (X /X)°v — > D b Smg (X /X). Similarly, the du- 
ality functor ^omy {rqc (-,D^ o ): D b (F -coh) op — ► D b (F -coh) takes the full subcat- 
egory D b (F -coh T ) op into D b (F -coh T ) and Perf T (Y /Y) op into Perf T (Y /Y). Hence 
the induced duality functor ^omy rqc (-Dy : D b Smg (Y /Y, T) op — > D b m9 (V^ T). 

Checking that the equivalence of categories D abs ((X, C, w)-coh) ~ D b Sing (X /X) 
commutes with the dualities is easily done using the functor T. It suffices to no- 
tice the functorial quasi-isomorphism T-tomx-qd^J 7 ' , *D X ) — 7~L° m x Q -qc{J~' , T^x ) 
for any complex T* G D b (Xo-coh) [12, Theorem III. 6. 7]. The same applies to the 
equivalence of categories D^ bs ((F, /*£, /*w)-coh) ~ D b ing (Y /Y,T). Furthermore, by 
Proposition 2.12(c), the equivalences of categories LS = T _1 transform the derived 

direct image functor Wf* ■ D| bs ((F, f*C, f*w)-coh) — > D abs ((X, C, w)-coh) into (the 
idempotent closure of) the direct image functor f a : D b Sing (Y /Y, T) — > D b Sing (X /X). 
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Finally, the direct image functor f : D b Sing (Y /Y,T) — > D b Sing (X /X) commutes 
with the Serre duality functors, since so do the derived direct image functors 
Rflx*- D b (T-coh) — > D b (X -coh) for all the closed subscheme structures T C Y 
on the closed subset T and the similar functors related to the closed embeddings 
T' — > T" of various such subscheme structures into each other. This is the conven- 
tional Serre-Grothendieck duality theorem for proper morphisms of schemes. □ 



Appendix. Quasi-Coherent Graded Modules 

A.l. Flat quasi-coherent sheaves. I am grateful to A. Neeman for suggesting that 
a result of the following kind can be proven without much difficulty. 

Lemma. On any quasi- compact semi- separated scheme, any quasi- coherent sheaf is 
the quotient sheaf of a fiat quasi- coherent sheaf. 

Proof. Let X be our scheme. Assume that a quasi-coherent sheaf M. over X is flat 
over an open subscheme V C X; given an affine open subscheme U C X, we will 
construct a surjective morphism Af — ► M onto M from a quasi-coherent sheaf Af 
over X that is flat over U U V . Let j denote the embedding U — > X. There exists 
a surjective morphism onto j*A4 from a flat quasi-coherent sheaf J 7 over U; let K, 
denote the kernel of this morphism of sheaves. 

The morphism j: U — > X being affine and flat, the functor j* is exact and 
preserves flatness. Consider the pull-back of the exact triple j*/C — > j^T — > j*j*AA 
with respect to the morphism A4 — > j*j*A4; denote the middle term of the resulting 
exact triple by Af. One has Af\u = J~\ui so A/" is flat over U. Furthermore, the sheaf 
j*M is flat over V fl U, hence so is the sheaf JC. The embedding U fl V — > V 
is an affine flat morphism, so the sheaf jJZ is flat over V. From the exact triple 
]JZ — > Af — > M we conclude that Af is flat over V. □ 

It follows immediately that any quasi- coherent graded module over a quasi- coherent 
graded algebra B over X is a quotient module of a flat quasi- coherent graded module. 

A. 2. Locally projective quasi-coherent graded modules. The following result 
is essentially due to Raynaud and Gruson [37] (for a discussion, see [7, Section 2]); 
here we just briefly explain how to deduce the formulation that interests us from 
their assertions. 

Theorem. Let X be an affine scheme and {U a } be its finite affine covering. Let B 
be a quasi- coherent graded algebra over X and V be a quasi- coherent graded module 
over B. Then the graded B[X)-module V(X) is projective if and only if the graded 
B(U a )-module V(U a ) is projective for every a. 

Proof. First of all, a graded module P over a graded ring B is projective if and only 
if it is projective as an ungraded module. Indeed, if P is graded projective, then it is 
a homogeneneous direct summand of a free graded module, hence P is also ungraded 
projective. Conversely, pick a homogeneous (of degree 0) surjective homomorphism 
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F — > P onto a given graded module P from a free graded module F. If P is ungraded 
projective, this homomorphism has a (perhaps nonhomogeneous) section s, and the 
homogeneous component of s of degree provides a homogeneous section. Hence it 
suffices to consider ungraded modules over an ungraded quasi-coherent algebra B. 

It is clear that if V(X) is a projective £>(X)-module, then V(V) is a projective 
i3(V A )-module for any affine open subscheme V C X. Conversely, assume that 
the B(U a )- module V(U a ) is projective for every a. Then by the result of [17] the 
£?([/ a )-modules V(U a ) are direct sums of countably generated modules, and it follows 
easily that so is the £>(X)-module V(X) (essentially, since a connected graph with 
an at most countable set of edges at each vertex has a countable number of vertices). 
Hence we can assume the £>(X)-module V(X) to be countably generated. 

Besides, the £>(£/ a )-modules V(U a ) are flat, hence so is the Z3(X)-module V(X). 
By [37, Corollaire II. 2. 2. 2], it remains to show that the £>(X)-module V(X) satisfies 
the Mittag-Leffler condition; this can be easily deduced from the similar property of 
the £>(£/ a )-modules V(U a ) using the formulation of this condition given in Proposi- 
tion II.2.1.4(iii) or Propositions II.2.1.4(ii) and II.2.1.1(i) of [37] (cf. Sections II.2.5 
and II. 3.1 of the same paper). □ 

A. 3. Injective quasi-coherent graded modules. The following result is a non- 
commutative generalization of a theorem of Hartshorne [12, Theorem II. 7. 18] about 
injective quasi-coherent sheaves on Noetherian schemes. Our proof method, based 
on the Artin-Rees lemma, is different from the one in [12]. 

Theorem. Let B be a Noetherian quasi- coherent graded algebra over a Noetherian 
scheme X . Then any injective object in the category of quasi-coherent graded left 
modules over B is also an injective object of the category of arbitrary sheaves of 
graded B -modules over X . 

Consequently, the restriction J\y of an injective quasi- coherent graded module J 
over B to an open subscheme U C X is an injective quasi- coherent graded mod- 
ule over B\u . Conversely, if U a is an open covering of X and the quasi- coherent 
graded B\u a -modules J\u a are injective, then a quasi- coherent graded B-module J 
is injective. Besides, the underlying sheaf of graded abelian groups of any injective 
quasi- coherent graded B-module J is flabby. 

Proof. First of all, notice that the abelian category £> qcoh of quasi-coherent graded 
modules over B is a locally Noetherian Grothendieck category with coherent graded 
modules forming the subcategory of Noetherian generators [13, Exercise II. 5. 15]; so 
in particular i3-qcoh has enough injectives and the assertions of Theorem are not 
vacuous. The category of sheaves of graded £>-modules £>-mod has similar properties, 
with the extensions by zero of the restrictions of B to (small) open subschemes of X 
forming a set of Noetherian generators [12, Theorem II. 7.8]. 

Secondly, let us check that the main result in the first paragraph implies the as- 
sertions in the second one. Indeed, injective sheaves of graded i3-modules have all 
the properties we are interested in. They remain injective after being restricted to 
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an open subscheme, since the extension by zero from an open subscheme is an ex- 
act functor. They are flabby, since given two open subschemes U C V C X and 
jui jv being their identity embeddings U, V — > X, the morphism of sheaves of 
graded i3-modules ju\B\u — > jv\B\v is injective. And their property is local [12, 
Lemma II. 7. 16], because sheaves of graded £>-modules supported inside one of the 
subschemes U a form a set of generators of the category B ' mod. 

Now let J be an injective quasi-coherent graded module over B. To prove the 
main assertion, we have to show that for any open subscheme U C X and a subsheaf 
of graded B- modules Q C ju\B\u, an Y homogeneous morphism of sheaves of graded 
£>-modules Q — > J can be extended to a similar morphism ju\B\u — > J ■ Indeed, 
Q is a subsheaf of graded i3-modules in the coherent graded i3-module B, hence 
according to the following proposition there exists a quasi-coherent graded £>-module 
Q C J 7 C B such that the morphism Q — > J can be extended to a homogeneous 
morphism of quasi-coherent graded £>-modules T — > J . 

Since J is injective in £>-qcoh, the latter morphism can in turn be extended to a 
similar morphism B — > J . Restricting to jui&\u, we obtain the desired morphism 
of sheaves of graded i3-modules ju\B\u — > J ■ D 

Proposition. In the assumptions of Theorem, let £ be a coherent graded left 
B-module, Q C S be a subsheaf of graded B-modules, M. be a quasi- coherent graded 
B-module, and 0: Q — > M. be a morphism of sheaves of graded B-modules. Then 
there exists a coherent graded B-module Q C T C £ such that the morphism <p can 
be extended to T . 

Proof. Before proving Proposition, let us reformulate its conclusion in follows. In 
the same setting, there exists a quasi-coherent graded i3-module /C together with 
an injective morphism M. — > JC and a morphism £ — > JC forming a commutative 
diagram with the embedding Q — > £ and the morphism <p: Q — > M.. Indeed, if a 
coherent S-module T exists, one can take /C to be the fibered coproduct of £ and 
Ai over J 7 ; conversely, if a quasi-coherent £>-module K, exists, one can take J 7 to be 
the full preimage of M. C /C under the morphism £ — > JC. Notice also that one can 
always replace Ai with its sufficiently big coherent graded £>-submodule. 
Now let us state the version of Artin-Rees lemma that we will use. 

Lemma. In the assumptions of Theorem, let M. be a coherent graded B-module, 
M C Ai a coherent graded B-submodule, and Z C X a closed subscheme with the 
sheaf of ideals I z C Ox- Then for any n > there exists m > such that the 
intersection X^Ai D Af is contained in TV^Af . 

Proof. Clearly, the question is local, so it suffices to consider the case of an affinc 
scheme X. Then (the graded version of) the Artin-Rees lemma for ideals generated by 
central elements in noncommutative Noetherian rings [10, Theorem 13.3] applies. □ 

Being a Noetherian object, the sheaf of graded £>-modules Q is generated by a 
finite number of homogeneous sections s n G G(U n ), where U n C X are some open 
subschemes. If all of these subschemes coincide with X, the sheaf Q, being a subsheaf 
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of a coherent sheaf generated by global sections, is itself coherent, so there is nothing 
to prove. In the general case, we will argue by induction in the number of open 
subschemes U n that are not equal to X. 

Let U = U\ C X be one such open subscheme, and T — X \ U be its closed 
complement. We can assume that M is a coherent graded B- module. Let M denote 
its maximal coherent graded i3-submodule supported set-theoretically in T. Applying 
Lemma to M C Ai , we conclude that there is a closed subscheme structure i : Z — y 
X on T such that the morphism Af — > iJ*Ai is injective. Consequently, so is the 
morphism M — y ij* M © j*j*M, where j denotes the open embedding U — y X. 

Let us show that there is a thicker closed subscheme structure %' : Z' — y X on 
T such that the kernel of the morphism of sheaves i'J'*Q — y i'J'*£ is contained in 
the kernel of the morphism of sheaves i'J'*G — > Indeed, there exists a finite 

collection of subsheaves of graded /^-modules in Q, each of them an extension by zero 
of a coherent graded £>|y-module from some open subscheme V C X, such that the 
the stalk of Q at each point of X coincides with the stalk of one of these subsheaves. 
So the assertion reduces to the case when Q is a coherent graded £>-sub module in £, 
when it is an equivalent reformulation of Lemma. 

Let H C i'*£ denote the image of the morphism of sheaves of graded i'*£>-modules 
i'*Q — y i'*£ over the scheme Z' . Let i: Z — y Z' be the natural closed embed- 
ding. Then, according to the above, the morphism of sheaves of graded i'*£>-modules 
i'*Q — y b*i*Q induces a morphism T-L — > i*i*Q. 

The sheaf of graded i'*£>-modules H is generated by the images of the restrictions 
of the sections s„, n > 2, to the closed subschemes Z' n U n C U n . Hence the 
induction assumption is applicable to H, and we can conclude that there exists a 
quasi-coherent graded i'*£>-module /C on the scheme Z' together with an injective 
morphism t*i*A4 — > JC and a morphism i'*£ — y K. forming a commutative diagram 
with the embedding H — y i'*£ and the composition H — > i*i*Q — y L*i*M. 

Similarly, the sheaf of graded i3|[/-modules j*Q is generated by the restrictions of 
the sections s n to the open subschemes U± D U n C U n , among which the (restriction 
of) the section s± is a global section over U — U±. Hence the induction assumption 
is applicable to j*Q, and there exists a quasi-coherent graded £>| [/-module £ together 
with an injective morphism — > C and a morphism j*£ — y £ forming a 
commutative diagram with the embedding j*Q — y j*£ and the morphism j*Q — y 
j*M. 

Now the injective morphism M. — > i'JC © j*C (whose first component is the 
composition M. — y i*i*M ~ i' # i*i*M. — > i'JC) and the morphism £ — y i'JC © 
j*C provide the desired commutative diagram of morphisms of sheaves of graded 
B- modules over X. □ 



References 

[1] P. Balmer, M. Schlichting. Idempotent completion of triangulated categories. Journ. Algebra 
236, #2, p. 819-834, 2001. 



66 



[2] H. Bass. Big projective modules are free. Illinois Journ. of Math. 7, #1, p. 24-31, 1963. 

[3] N. Bourbaki. Algebre, Chapitre 10. Algebre homologique. Masson, Paris, 1980. Springer- Verlag, 

Berlin-Heidelberg-New York, 2007. 
[4] R.-O. Buchweitz. Maximal Cohen-Macaulay modules and Tate-cohomology over Gorenstcin 

rings. Manuscript, 1986, 155 pp. Available from http://hdl.handle.net/1807/16682. 
[5] H. Cartan, S. Eilenberg. Homological algebra. Princeton University Press, 1956-2011. 
[6] X.-W. Chen. Unifying two results of D. Orlov on singularity categories. Abhandlungen 

aus dem Mathematischen Seminar der Universitaet Hamburg 80, #2, p. 207-212, 2010. 

arXiv: 1002.3467 [math. AG] 
[7] V. Drinfcld. Infinite-dimensional vector bundles in algebraic geometry: an introduction. In 

The Unity of Mathematics: In Honor of the Ninetieth Birthday of I. M. Gelfand, Progress in 

Mathematics, 244, Birkhauser, 2006, p. 263-304. arXiv: math. AG/0309155. 
[8] T. Dyckcrhoff, D. Murfct. Pushing forward matrix factorizations. Electronic preprint 

arXiv: 1102.2957 [math. AG]. 
[9] E. Getzler, J. D. S. Jones. Aco-algebras and the cyclic bar complex. Illinois Journ. of Math. 

34, #2, 1990. 

[10] K. Goodearl, R. Warfield. An introduction to noncommutative Noetherian rings. London Math- 
ematical Society Student Texts, 16. Cambridge University Press, 1989-2004. 

[11] A. Grothcndicck, J. Dicudonne. Elements de geometrie algebriquc III. Etude cohomologiquc 
des faisceaux coherents, Premiere partie. Publ. Math. IHES 11, p. 5-167, 1961. 

[12] R. Hartshorne. Residues and duality. Lecture Notes Math. 20. Springer, 1966. 

[13] R. Hartshorne. Algebraic Geometry. Graduate Texts in Mathematics, 52. Springer, 1977. 

[14] D. Eisenbud. Homological algebra on a complete intersection, with an application to group 
representations. Transactions of the Amer. Math. Soc. 260, #1, p. 35-64, 1980. 

[15] S. Iyengar, H. Krause. Acyclicity versus total acyclicity for complexes over noetherian rings. 
Documenta Math. 11, p. 207-240, 2006. 

[16] P. J0rgensen. The homotopy category of complexes of projective modules. Advances in Math. 
193, #1, p. 223-232, 2005. arXiv:math.RA/0312088 

[17] I. Kaplansky. Projective modules. Annals of Math. 68, #2, p. 372-377, 1958. 

[18] A. Kapustin, Y. Li. D-branes in Landau-Ginzburg models and algebraic geometry. Journ. High 
Energy Physics 2003, #12, art. no. 005, 44 pp. arXiv:hep-th/0210296 

[19] H. Krause. The stable derived category of a Noetherian scheme. Compositio Math. 141, #5, 
p. 1128-1162, 2005. arXiv: math. AG/0403526 

[20] K. Lin, D. Pomerleano. Global matrix factorizations. Electronic preprint arXiv: 1101 .5847 
[math . AG] . 

[21] D. Murfet. The mock homotopy category of projectives and Grothendieck duality. Ph. D. Thesis, 
Australian National University, September 2007. Available from http: //www.therisingsea. 
org/thesis.pdf . 

[22] D. Murfet. Residues and duality for singularity categories of isolated Gorenstein singularities. 

Electronic preprint arXiv : 0912 . 1629 [math . AC] . 
[23] A. Neeman. The connection between the if -theory localization theorem of Thomason, Trobaugh 

and Yao and the smashing subcategories of Bousfield and Ravenel. Ann. Sci. Ecole Norm. Sup. 

(4) 25, #5, p. 547-566, 1992. 
[24] A. Neeman. The Grothendieck duality theorem via Bousfield's techniques and Brown repre- 

sentability. Journ. Amer. Math. Soc. 9, p. 205-236, 1996. 
[25] A. Neeman. Triangulated categories. Annals of Math. Studies, Princeton Univ. Press, 2001. 

449 pp. 

[26] A. Neeman. The homotopy category of flat modules, and Grothendieck duality. Inventiones 
Math. 174, p. 225-308, 2008. 



67 



D. Orlov. Triangulated categories of singularities and D-branes in Landau-Ginzburg models. 
Proc. Steklov Math. Inst. 246, #3, p. 227-248, 2004. arXiv: math. AG/0302304 
D. Orlov. Formal completions and idempotent completions of triangulated categories of singu- 
larities. Advances in Math. 226, #1, p. 206-217, 2011. arXiv : 0901 . 1859 [math . AG] 
D. Orlov. Matrix factorizations for nonaffine LG-models. Mathematische Annalen, DOI 
10.1007/s00208-011-0676-x, to appear in print. arXiv : 1101 . 4051 [math. AG] 
A. Polishchuk, L. Positselski. Hochschild (co)homology of the second kind I. Electronic preprint 
arXiv: 1010.0982 [math.CT] , to appear in Transactions of the Amer. Math. Soc. 
A. Polishchuk, A. Vaintrob. Matrix factorizations and singularity categories for stacks. Elec- 
tronic preprint arXiv : 1011 . 4544 [math. AG]. 

A. Polishchuk, A. Vaintrob. Matrix factorizations and Cohomological Field Theories. Electronic 
preprint arXiv : 1105 . 2903 [math. AG]. 

L. Positselski. Nonhomogeneous quadratic duality and curvature. Functional Analysis and its 
Applications 27, #3, p. 197-204, 1993. 

L. Positselski. Homological algebra of semimodules and semicontramodules: Semi-infinite 
homological algebra of associative algebraic structures. Appendix C in collaboration with 
D. Rumynin; Appendix D in collaboration with S. Arkhipov. Monografie Matematyczne, vol. 70, 
Birkhauser/Springer Basel, 2010. xxiv+349 pp. arXiv : 0708 . 3398 [math.CT] 
L. Positselski. Two kinds of derived categories, Koszul duality, and comodule-contramodule cor- 
respondence. Memoirs of the Amer. Math. Soc. 212, #996, 2011, v+133 pp. arXiv: 0905. 2621 
[math . CT] 

L. Positselski. Mixed Artin-Tate motives with finite coefficients. Moscow Math. Journal 11, 
#2, p. 317-402, 2011. arXiv: 1006.4343 [math.KT] 

M. Raynaud, L. Gruson. Criteres de platitude et de projectivite: Techniques de "platification" 
d'un module. Inventiones Math. 13, #1-2, p. 1-89, 1971. 

R. W. Thomason. The classification of triangulated subcategories. Compositio Math. 105, #1, 
p. 1-27, 1997. 

R. Thomason, T. Trobaugh. Higher algebraic K-theory of schemes and of derived categories. 
The Grothendieck Festschrift vol. 3, p. 247-435, Birkhauser, 1990. 

Department of Mathematics and Laboratory of Algebraic Geometry, National 
Research University "Higher School of Economics", Moscow 117312, and Sector 
of Algebra and Number Theory, Institute for Information Transmission Problems, 
Moscow 127994, Russia 

E-mail address: posic@mccme.ru 



68 



